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AbstractN * Transmission of information over wideband
fading channelsusing M -ary orthogonal on/off FSK (OOFSK)
signaling, in which M-ary FSK signaling is overlaid on
on/off keying, is considered. It is assumed that the receier
uses energy detection for the reception of OOFSK signals.
Capacity expressionsare obtained when the receiver has perfect
and imperfect fading side information. Power efbciency is
investigatedwhen the transmitter is subjectto a peak-to-average
power ratio (PAR) limitation or a peak power limitation. It
is shown that under PAR limitation, it is extremely power
inefbcient to operate in the very low SNR regime. On the other
hand, if there is only a peak power limitation, it is demonstrated
that power efpciency improves as one operates with smaller
SNR and vanishing duty factor.

Keywords: Frequency shift keying, on-off keying, fading
channels,channel capacity, power efbciency, energy per bit.

. INTRODUCTION

A wide rangeof digital communicatiorsystemsn wireless,
deep-spaceand sensornetworks operatein the low-power
regime where power consumptionrather than bandwidthis
thelimiting factor For suchsystemspower-efbcienttransmis-
sion schemesare requiredfor effective use of scarceenegy
resources.In sensornetworks [11], sensornodesthat are
denselydeplo/ed in a region can only be equippedwith a
limited power sourceandin somecasegeplenishmenof these
resourcesmay not be possible. Therefore, enegy-efbcient
operationis vital in thesesystems.Recently there has also
beenmuchinterestin ultrawidebandsystemavherelow-power
pulsesof very short durationare usedfor communicationin
shortdistancesThesepulses which requirewide bandwidths,
must satisfy strict peak power requirementsn order not to
interferewith existing systemsAlthough originally proposed
as a carrierlesstime hopping system, ultrawideband radio
regulationsalso allow multicarrier modulationschemeswith
frequeny hopping.

The power efbciengy of a communicationsystemcan be
measuredy the enegy requiredfor reliable communication
of one bit. Whencommunicatingat rate R bits/s with power
P, the transmittedenegy per bit is Ep, = %. Since the
maximumrate is given by the channelcapacity C, the least
amountof bit enegy requiredfor reliable communicationis
Ep = %. In his seminalwork [1], Shannonshoved that the
capacityof anidealbandlimitedadditive white Gaussiamoise
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channelis C = Blog, 1+ BLNO bits/s where P is the
receved power, B is thechannebandwidthandN ¢ is theone-
sidednoisespectrallevel. Notice that asthe bandwidthgrows
to inPnity, the capacitymonotonicallyincreasedo NLO log, e
bits/s, thereforedecreasingthe requiredreceved bit-enegy
normalizedto the noise power to
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This minimum bit enegy (1) can be approachediy pulse
position modulationwith vanishingduty cycle [2] or by M -
ary orthogonalsignaling as M becomeslarge [3]. In the
presenceof unknovn fading, Jacobg4] and Pierce[5] have
notedthat M -ary orthogonalsignalingobtainedby frequeng
shift keying (FSK) modulationcanstill approach(1) for large
valuesof M. Gallager[13, Sec.8.6] hasalso demonstrated
that over fading channelsM -ary orthogonal FSK signaling
with vanishingduty cycle approacheshe inbnite bandwidth
capacityof unfadedGaussianchannelsasM " # thereby
achiezing (1). Luo andMedard/10] have shavn thatFSK with
small duty cycle can achiere ratesof the order of capacity
in ultrawidebandsystemswith limits on bandwidthand peak
power. More recently Verd« [6] has proven in considerably
wider generalitythanwas previously known thatthe minimum
receved bit enegy normalizedo the noiselevel in a Gaussian
channeis! 1.59 dB regardlesof the knowledgeof thefading
at the recever and/ortransmitter In particular it is shovn in
[6] thatif the recever doesnot have perfectknowledgeof the
fading,Bashsignalingis requiredto achieve the minimum bit
enegy.

Besidesapproachingthe minimum enegy per bit, FSK
modulationis particularly suitable for noncoherentommu-
nications.Butmanet al. [7] studiedthe performanceof M -
ary FSK, which has unit peak-to-&eragepower ratio, over
noncoherenGaussiarchanneldy computingthe capacityand
computationatut-off rate.Stark[8] analyzedhe capacityand
cut-off rate of M -ary FSK signalingwith both hard and soft
decisiondgn the presencef Ricianfadingandnotedthatthere
exists an optimal coderate for which the requiredbit enegy
is minimized.

In this paper we analyzethe capacityand power efbciengy
of M -ary on/off FSK (OOFSK) signalingin which M -ary
FSK signaling is overlaid on on/off keying, enablingus to
introducepeakinessn bothtime andfrequeng. As discussed
above, approachingthe minimum bit enegy demandsnot
only inbnite bandwidth but also, in the caseof unknowvn
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fading, input signals that are pealy in time or frequeng.
Signalsshouldeither have increasinglyhigherpeakpower or
concentratall the power in onefrequeng slot. In this work,
motivatedby practicalconsiderationsye limit the pealedness
of input signalsby imposingpeakpower constraints.

Il. CHANNEL MODEL

In this section,we presentthe systemmodel. We assume
that M -ary orthogonalOOF SK signaling,in which FSK sig-
nalingis combinedwith on-off keying with a Pxed duty factor
I' $ 1, isemplo/edatthetransmittefor communicatiorover a
fadingchannelln this signalingschemeover thetime interval
of [0, T] thetransmittereithersendsno signalwith probability

1! 1, or sendsoneof M orthogonalsinusoidalsignals,
#__

s(t) = |Eei<!it+"i> 0$t$T, 1$iSM, (2

with probability! . To ensureorthogonalityadjacenfrequeny
slotssatisfy ["i+1! "i| = Z. Choosing! = 1, we obtain
ordinary FSK signaling. If the channelinput is X = i for
1% i $ M, the transmittersendsthe sine wave s;(t), while
no transmissions denotedby X = 0, andhencesy(t) = 0.
Note that OOFSK signaling has averagepower P, and peak
power P/! . We assumehat the transmittedsignalundegoes
stationaryand ergodic fading and that the delay spreadof
the fadingis muchlessthanthe symbolduration.We further
assumehat the symboldurationT is lessthanthe coherence
time of the fading. Under theseassumptionsthe fading has
a multiplicative effect on the transmittedsignal, and stays
constantover the symbolduration.Hencethe receved signal
canbe modeledasfollows:

r(t) = he sk, (t! (k! DT)+ n(t), (k! DT $t$ kT, (3)

where {Xk},-, is the input sequencewith Xy %
{0,1,2,...,M}, {h¢},-, is a proper comple stationary
ergodic fading processwith E{hy} = d andvar(hy) = #2,
andn(t) is a zero-meartircularly symmetriccomple< white
Gaussiamoiseprocesswith single-sidedspectraldensityN g.
At the recever, a bank of correlatorsis emplo/edin each
symbol interval to obtain the M -dimensionalvector Yy =

(Yk,1,.--, Yk,m ) Where
1 S _

Yki = &——— r)efititdt, i=1,2...,M. (4
NoT (k# 1T

It is easily seenthat, given the symbol X = i, phase$

andfadingcoebcienthy, Yy ; is a propercomplex Gaussian
randomvariablewith

E{Yij Xk =1i,%, he} = %he e &
var(Yk,,- |Xk: i,$i,hk): 1,

where&; = 1if i = j andis zerootherwiseand%f = ST =

$No
%R with sNR denotingthe signal-to-noiseratio per symbol.
I1l. CAPACITY OF M -ARY ORTHOGONAL OOFSK
SIGNALING WITH ENERGY DETECTION

In this sectionwe analyzethe capacityof M -ary orthogonal
OOFSKsignalingwhenin every symbolintenalk = 1,2,.. .,
the recever employs noncoherenteceptionand measureshe

enepgy at eachof the M frequenciesj.e., computesfor 1 $
i$M
$kr

%
Re: = Y, -2:f 1
ki = Yl ‘%;W k¢ T

andthedecodeseeghevectorRi = (Rk,1,...,Rk,m ). With
this structuretherecever doesnot needto trackphasechanges
in the channel.We considerthe caseswvherethe recever has
either perfector imperfectfading side information while the
transmittethasno knowledgeof thefadingcoefcient.Besides
providing the ultimate limits on the rate of communication,
capacityresultsalso offer insightinto the power efbciengy of
OOFSKsignalingby enablingusto obtainthe enegy required
to sendonebit of informationreliably.

;
r(t)etl! ‘tdté, (5)

A. PerfectReceiverSidelnformation

We brst assumehat the recever hasperfectknowledge of
themagnitudeof thefading,|h|. For this casethe capacityasa
functionof snr= % of M -ary OOFSKsignalingwith enegy
detectionis given by the following proposition. Throughout
the paper we denotethe probability density function and
distribution function of a randomvariableZ by pz andFz,
respectrely, with agumentsomittedin equationsin orderto
avoid cumbersomexpressions.

Proposition1: Considerthe fadingchannelmodel (3) and
assumethat the recever perfectly knows the instantaneous
realizationof the magnitudeof the fading,|hk|, k = 1,2,...,
while the phaseof the fadingis unknavn. Furtherassumehat
the transmitterhas no fading side information, and enegy
detectionis performedat the recever. Then the capacity of
M -ary orthogonalOOFSK signalingwith a bxed duty factor
1'$1is

& $
CI\F;I (SNR):Elhl (1' |) pR|X=0|OQ pRlx:OdR
$ PrIn| .
+1 pR|X=1,|h||OQMdR (6)
Pr|n|
where
M
Prihf = (1! D)prix=0+ M PRIX=inp: (7
i=1
) .
Prix=0= ¢ IhR (8)

)
Prix =i n = € jM=1R"f(Ri,|h|,SNR) 1$i$ M, (9

and

[
f(Ri,|n|,snR) = & SNRS 10 o /T ThZR; . (10)

Proof: Sincethe fadingis assumedo be a stationaryander-
godicprocesghatstaysconstanbver the symbolduration.the
capacityof OOFSK signalingcan be formulatedas follows:
0
C(sw) = lim max ~1 xR,
where X" = (X1,...,Xn), R" = (Rq,...,Rp), |N|" =
(Ih1],...,]hn]), and 1 (48 denotesthe mutual information.
As the additive Gaussiannoise samplesare independenfor
eachsymbol interval, it can be shovn that an independent
andidentically distributed (i.i.d.) input sequencechieves the



capacity anddueto the symmetryof the channelthe optimal
input distribution is uniform over nonzeroinput values,i.e.,
P(Xk=i)= 2> for1$i$ M whereP(X, = 0)= 1! !.
The capacityexpressionn (6) is easilyobtainedby evaluating
the mutual information achieved by the optimal input, and
consideringa genericsymbolinterval, and droppingthe t|me
index k.

Not having a closed-formformula, the resultin (6) mustbe
evaluatednumerically andcomputationatompleity imposes
a burdenon numericaltechniquedor large M . Nevertheless,
we can bnd an expressionfor the channelcapacityin the
asymptoticegimewhereM ' # asacorollaryto Proposition
1. The proof usesmartingaletheory following [9] wherea
similar resultis obtainedfor M -ary FSK signalingover the
noncoherenGaussiarchannel.

Corollary 1: The capacity expression (6) for M -ary
OOFSKsignalingin the limit asM # bt?comes
cP (SNR) = D(DR|>e|h| PRr| %= O|h|)|;:|h|Fx) (12)

where D (&( a/|i|h|F,e) is the Kullback-Leibler divergence
conditionedon |h| andx, R = |y|> = |hx+ n|]?, x is a
two-mass-pointdiscreterandomvariable with the following
distribution,

*

Fe= (1! Du)+ ! ux! snr/!), (13)
and n is zero-mearcircularly symmetriccomplex Gaussian
randomvariablewith E{|n|?} = 1. Therefore,

*

e REXINC | o RZIRER

Pr|x,1h| =
B. ImperfectReceiverSideInformation

In this section, we assumethat neither the recever nor
the transmitter has ary fading side information. Differing
from the previous section,herewe considera more special
fading processmemorylessRician fading where eachof the
i.id. he® is a proper complex Gaussianrandom variable
with E{h¢} = d andvar(hx) = #2. This model can also
be regardedas a fading channelwhere the recever has an
imperfect estimate of the fading, d, and the error in the
estimatds modeledasa zero-mearcomplex Gaussiamandom
variablewith variance#2.

Proposition2: Considerthe fadingchannel(3) andassume
that the fading process{ hy} is a sequenceof i.i.d. proper
complex Gaussianrandom variables which are not known
at either the recever or the transmitter Further assumethat
enepy detectionis performedattherecever. Thenthecapacity
of M -ary orthogonalOOFSK signalingwith bxed duty factor
' $ 1is given by

$
CiP(snR) = (L1 1) PR|x=o|09pRF|)X PRIX=0 4
R
1 prxoilogBXELgR (14)
where

M
pr = (1! !)DR|x=o+m PRIX =i (15)

i=1
)PR|x=0:e# iR (16)
Prix=i = € SiRif(R,SNR 1SS M, (17)

and
SERe 21 1912, 0 ——]
e SNBa 2 SNR|gPR
f (R, SNR) = R lo- SR (18)
#+1 #25+ 1

Proof: With the memorylessassumptionthe capacityof the
M -ary OOFSK signalingcanbe formulatedasthe maximum
mutualinformationbetweenthe channelinput X  andoutput
vectorRy for ary k. Dueto the symmetryof the channel,it
canbe shovn that an input distribution uniform over nonzero
input values,i.e., P(X = i) = &> for1$ i $ M where
P(X = 0) = 1! | achiesesthe capacityandwe easilyobtain
(14) by noting that conditionedon X = i, Rj = |Yj|? is a
chi-squarerandomvariablewith two degreesof freedom. !

Similarly to Corollary 1, we canbnd the inbnite bandwidth
capacity achieved as the number of orthogonalfrequencies
increasesvithout bound.

Corollary 2: The capacity expression (14) of M -ary
OOFSKsignalingin the limit asM ' # becomes

_ + 0
C:P(sNR) = D(Pr|x T Prix= 00’/|g>e)

where D (& &4|Fx) denotesthe Kullback-Leibler divergence
conditionedon %, R = |y|? = |hx+ n|?, % is atwo-mass-point
discreterandomvariablewith the distribution function given
in (13), andn is a zero-mearcircularly symmetriccomplex
Gaussiarrandomvariablewith E{|n|2} = % Therefore,

1 1' R+ >e2|d|2 2 ®2[d]?R
e 100 T a1 0 #REe
Remarkl: Assumethatin the caseof perfectrecever side
information,{ h\} is asequencefi.i.d. propercomplex Gaus-
sian randomyvariables.Then the asymptoticloss in capacity
incurredby not knowing the fadingis

CP (snR) ! CIP(snR) = I (|h];R ?&)

whereR = |hx + n|?.
Remark2: Considerthe case of imperfect recever side
informationwhere

+ 0,
D (pr|x + Pr|x= 00//|§>e)

(19)

Prix =

(20)

CP =
" 2
_ (w2 | 23 R | 2snRd|
(#2 + |d|?)snR! Iog # +1 ! B | + 1
5 , - 7/ 8
6 2 SRgeR o
+ !ER7|Og|0' mo (21)
with sk = EL. From (21) we can easily seethat for bxed

symbolintenal T,

i i ip - 2 2 i

Isggg T C:P(sNR) = (#° + |[d] )NO nats/s (22)
andfor bxed duty factor!,

P 1 ip - 2 2 i

le ?C.. (sNnR) = (#°+ |d| )No nats/s (23)

Note that right-handsidesof (22) and (23) are equalto the
inbnite bandwidthcapacityof the unfadedGaussianchannel
with thesamereceved signalpower. Hence theseresultsagree
with previousresults[4], [5] and[13] whereit hasbeenshavn
that the capacityof M -ary FSK signaling over noncoherent



fadingchannelsapproachethe inbnite bandwidthcapacityof
the unfadedGaussiarchannelfor large M and large symbol
durationT or small duty factor! .

1V. POWER EFFICIENCY

In this section,we analyzethe power efbcieng/ of OOFSK
signalingby studyingthe enegy per informationbit require-
mentin the low-SNR regime. In the low-power regime, the
spectral-dbcieng/bit-enegy tradeof re3ectsthe fundamental
tradeof betweenbandwidthand power. Assumingthat the
bandwidthof M -ary OOFSKmodulationis 'V'? whereT is the
symbol duration,the maximumachievable spectralefbciency

is 1 _ 9 .
C N_Z = o7 C(snR)  bits/s/Hz (24)
whereC(snR) is the capacityin bits/symbol,and
Ey, SNR
- = 2
No C(snR) (25)

is the bit enegy normalizedto the noise power. For av-

erage power limited channels,the bit enegy required for

reliable communicationsdecreasesnonotonically with de-

creasing spectral efbcieng/, and the minimum tgt enegy
Eb

is achle/ed at zero spectral efbciengy, i.e., Nemin =
log, 2

limsnr o m log. 2 = RO Hencefor bxed rate trans-
mission, reductionin the requiredpower comesonly at the
expenseof increasedandwidth,andthe minimum bit enegy
is achiered only in the asymptoticregime of inpnite band-
width. If oneis willing to spendmore power, then reliable
communicationover a bnite bandwidthis possible.Hence
achieving the minimum bit enepy is not a sufbcient criterion
for Pnite bandwidth analysis.Verdk [6] has recently given
the following formula for the widebandslope,debnedasthe

slopeof the spectralefbcieng curve C ﬁ—g in bits/s/Hz/3dB
at zero spectralefeciengy: Do
C Eo
Sp &' limg, No gn 10log;o 2
Eostnif 10l0g;o 52 ! 10l0gy %
|
. 2
1 2 ¢0) 26)
M 1)

where®}(0) andC(0) denotethe Prstandsecondierivatives of
the capacityin nats.Thewidebandslopecloselyapproximates
the growth of the spectralefbcieng curve in the low-power
regime and henceis a usefultool providing insightful results
whenbandwidthis a resourceto be consered.

A. Limited Peak-to-Arerage Power Ratio

Thepeak-to-geragepowerratio (PAR) of OOFSKsignaling
is equalto inverseof the duty factor 1/!. In this section,
we keepthe duty factor bxed at its minimum allowed level
while the SNR varies.We shawv that underthis limited PAR
condition, OOFSK communicationwith enegy detectionat
low SNR valuesis extremely power inefbcient even in the
unfadedGaussiarchannel.

Proposition3: The brst derivative of the capacityat zero
SNR achieved by M -ary OOFSK signalingwith a bxed duty
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factor! $ 1 over the unfadedGaussiarchannelis zero,i.e.,
&{(0) = 0, and hencethe bit enegy requiredat zero spectral
efbcieng is inbnite,

Eb%

NOco

SNR
SNR 0 C(sNR)

_ log, 2

(o)
Sincethe presenceof fading doesnot increasethe capacity
from the above Proposition,we immediately concludethat
&(0) = 0 for fading channelsregardlessof recever side
information as long as ! is bxed and hencethe peak-to-
average power ratio is limited. This result showvs that the
minimum bit enegy of M -ary OOFSK signalingis achieved
at a nonzerospectralefbciengy, C&, and operatingat spectral
efbciencieslower than C& (henceoperatingat very low SNR
values)hasto be avoided as this only increaseghe required
power. Note thatsincesnr = EL, low snr meanseither low
inputpowerP with respecto then0|sep0/ver or smallsymbol
durationT which requireshigh bandwidth.We needto resort
to numericalcomputationgo obtainthe most power-efbcient
operatingpoints.

Figurel plotsbit enegy curvesasa functionof the spectral
efbciency in bits/s/Hzachieved in the unfadedGaussiarchan-

=#.

(27)



nel by 2-OOFSK signalingfor differentvaluesof bxed duty
factor! . Notice thatfor all casesninimum bit enegy values
are obtainedat a nonzerospectralefocieng/ and as the duty
factoris decreasedthe requiredminimum bit enegy is also
decreasedwith | = 0.001, the minimum bit enepgy is about
0.05 dB. Note that this is a signibcantimprovementover the
case! = 1 (ordinary FSK) wherethe minimum bit enegy is
about6.7 dB. However, this gainis obtainedat the costof a
very large increasein the peak-to-aerageratio. Fig. 2 plots
the bit enegy cunesin the Rician channelwith Ricianfactor

_ |d?
=14 = o5,

B. Limited Peak Power

In this section,we considerthe casewherethe peaklevel of
thetransmittedsignalis limited while thereis no constrainton
the peak-to-aeragepower ratio. Hencewe bx the peaklevel to
the maximumallowed level, A = %. ThereforeasP " 0, the
duty factoralso hasto vanishand hencethe peak-to-aerage
ratio increaseswithout bound.In this case,the minimum bit
enepy is achieved at zerospectrakfbcieng andthewideband
slopeprovidesa goodcharacterizatiomf the bandwith/paver
tradeof at low spectralefbcieng values.

Proposition4: Assumethat the transmitteris limited in
peak power, & $ A, and the symbol durationT is Pxed.
Thenthe capacityachieved by M -ary OOFSK signaling,with
Pxed peakpower A, is a concae function of the SNR. For the
perfectrecever side information casethe minimum recevved
bit enegy andthe widebandslopeare

Eb |099
No min E|h|ER{IogI0(2 &h|2R)} | 1’
| ORI, _ .
! ; ! 5
2 EnEr loglg 2 |h|2R "(#+ |d]P)

S0 En{lo(Z [N} ! 1 |
respectiely, where R is a noncentral chi- squarerandom
variablewith pr = e*R#&h*| (2 T|h[ZR) and' = Axs
is the normalizedpeakpower. For the imperfectrecever side
information casethe minimum receved bit enegy and the
widebandslopeare

> //!1[5]
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ﬁ—g (dB) vs.C Eb  pits/s/Hzfor the unfaded Gaussiarchannel.

No

"#2) 1, thenSy = 0, and henceapproachinghe minimum
bit enegy is extremely slow. If we relax the peak power
limitation andlet' ' # , thenit is easﬂyseenthatevenln the
imperfectrecever S|de|nf0rmat|on case, > mm " loge2 =
I 1.59 dB. Indeed,Verd« [6] has showvn |n a more general
settingthat RBashsignalingwith increasinglyhigh peakpower
is requiredto achiere the minimum bit enegy of ! 1.59 dB
if the fadingis not perfectlyknown.

Fig. 3 plots the bit enegy curves achiezed by 2-OOFSK
signalingin the unfadedGaussianchannelfor differentpeak
power valuesA. Notice that for all casesthe minimum bit
enegy is achieved at zero spectralefbcieng/ or equivalently
assnrR" 0, andthis enegy monotonicallydecrease® ! 1.59
dBasA" #.
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