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AbstractÑ 1 Transmission of information over wideband
fading channels using M -ary orthogonal on/off FSK (OOFSK)
signaling, in which M -ary FSK signaling is overlaid on
on/off keying, is considered. It is assumed that the receiver
uses energy detection for the reception of OOFSK signals.
Capacity expressionsare obtained when the receiver has perfect
and imperfect fading side information. Power efÞciency is
investigatedwhen the transmitter is subject to a peak-to-average
power ratio (PAR) limitation or a peak power limitation. It
is shown that under PAR limitation, it is extremely power
inefÞcient to operate in the very low SNR regime.On the other
hand, if there is only a peak power limitation, it is demonstrated
that power efÞciency improves as one operates with smaller
SNR and vanishing duty factor.

Keywords: Frequency shift keying, on-off keying, fading
channels,channel capacity, power efÞciency, energy per bit.

I . INTRODUCTION

A wide rangeof digital communicationsystemsin wireless,
deep-spaceand sensornetworks operatein the low-power
regime where power consumptionrather than bandwidth is
thelimiting factor. For suchsystems,power-efÞcienttransmis-
sion schemesare requiredfor effective useof scarceenergy
resources.In sensornetworks [11], sensornodes that are
denselydeployed in a region can only be equippedwith a
limited powersourceandin somecasesreplenishmentof these
resourcesmay not be possible. Therefore,energy-efÞcient
operationis vital in thesesystems.Recently, there has also
beenmuchinterestin ultrawidebandsystemswherelow-power
pulsesof very short durationare usedfor communicationin
shortdistances.Thesepulses,which requirewide bandwidths,
must satisfy strict peak power requirementsin order not to
interferewith existing systems.Although originally proposed
as a carrierlesstime hopping system, ultrawideband radio
regulationsalso allow multicarrier modulationschemeswith
frequency hopping.

The power efÞciency of a communicationsystemcan be
measuredby the energy requiredfor reliable communication
of onebit. Whencommunicatingat rateR bits/s with power
P, the transmittedenergy per bit is E b = P

R . Since the
maximumrate is given by the channelcapacity, C, the least
amountof bit energy requiredfor reliable communicationis
Eb = P

C . In his seminalwork [1], Shannonshowed that the
capacityof anidealbandlimitedadditive white Gaussiannoise
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channel is C = B log2

!
1 + P

B N 0

"
bits/s where P is the

received power, B is thechannelbandwidthandN 0 is theone-
sidednoisespectrallevel. Notice that asthebandwidthgrows
to inÞnity, the capacitymonotonicallyincreasesto P

N 0
log2 e

bits/s, thereforedecreasingthe requiredreceived bit-energy
normalizedto the noisepower to

E r
b

N0
=

P/ N0

C
! "

B ! "
loge 2 = ! 1.59 dB. (1)

This minimum bit energy (1) can be approachedby pulse
position modulationwith vanishingduty cycle [2] or by M -
ary orthogonal signaling as M becomeslarge [3]. In the
presenceof unknown fading,Jacobs[4] and Pierce[5] have
notedthat M -ary orthogonalsignalingobtainedby frequency
shift keying (FSK) modulationcanstill approach(1) for large
valuesof M . Gallager[13, Sec.8.6] has also demonstrated
that over fading channelsM -ary orthogonalFSK signaling
with vanishingduty cycle approachesthe inÞnite bandwidth
capacityof unfadedGaussianchannelsas M " # thereby
achieving (1). Luo andM«edard[10] haveshown thatFSK with
small duty cycle can achieve ratesof the order of capacity
in ultrawidebandsystemswith limits on bandwidthandpeak
power. More recently, Verd«u [6] has proven in considerably
wider generalitythanwas previouslyknown thattheminimum
received bit energy normalizedto thenoiselevel in a Gaussian
channelis ! 1.59 dB regardlessof theknowledgeof thefading
at the receiver and/ortransmitter. In particular, it is shown in
[6] that if the receiver doesnot have perfectknowledgeof the
fading,ßashsignalingis requiredto achieve the minimumbit
energy.

Besidesapproachingthe minimum energy per bit, FSK
modulationis particularly suitable for noncoherentcommu-
nications.Butmanet al. [7] studiedthe performanceof M -
ary FSK, which has unit peak-to-averagepower ratio, over
noncoherentGaussianchannelsby computingthecapacityand
computationalcut-off rate.Stark[8] analyzedthecapacityand
cut-off rate of M -ary FSK signalingwith both hardandsoft
decisionsin thepresenceof Ricianfadingandnotedthat there
exists an optimal coderate for which the requiredbit energy
is minimized.

In this paper, we analyzethe capacityandpower efÞciency
of M -ary on/off FSK (OOFSK) signaling in which M -ary
FSK signaling is overlaid on on/off keying, enablingus to
introducepeakinessin both time andfrequency. As discussed
above, approachingthe minimum bit energy demandsnot
only inÞnite bandwidth but also, in the case of unknown



fading, input signals that are peaky in time or frequency.
Signalsshouldeitherhave increasinglyhigherpeakpower or
concentrateall the power in onefrequency slot. In this work,
motivatedby practicalconsiderations,we limit thepeakedness
of input signalsby imposingpeakpower constraints.

I I . CHANNEL MODEL

In this section,we presentthe systemmodel. We assume
that M -ary orthogonalOOFSKsignaling,in which FSK sig-
nalingis combinedwith on-off keying with a Þxed duty factor,
! $ 1, isemployedat thetransmitterfor communicationover a
fadingchannel.In this signalingscheme,over thetime interval
of [0, T ] thetransmittereithersendsno signalwith probability
1 ! ! , or sendsoneof M orthogonalsinusoidalsignals,

si (t) =

#
P
!

ej ( ! i t + " i ) 0 $ t $ T, 1 $ i $ M , (2)

with probability! . To ensureorthogonality, adjacentfrequency
slots satisfy |" i + 1 ! " i | = 2#

T . Choosing! = 1, we obtain
ordinary FSK signaling. If the channelinput is X = i for
1 $ i $ M , the transmittersendsthe sine wave si (t), while
no transmissionis denotedby X = 0, and hences0(t) = 0.
Note that OOFSK signalinghasaveragepower P, and peak
power P/ ! . We assumethat the transmittedsignalundergoes
stationaryand ergodic fading and that the delay spreadof
the fading is muchlessthan the symbolduration.We further
assumethat the symboldurationT is lessthanthe coherence
time of the fading. Under theseassumptions,the fading has
a multiplicative effect on the transmittedsignal, and stays
constantover the symbolduration.Hence,the received signal
canbe modeledas follows:

r (t) = hk sX k (t ! (k! 1)T) + n(t), (k ! 1)T $ t $ kT, (3)

where { X k } "
k= 1 is the input sequence with X k %

{ 0, 1, 2, . . . , M } , { hk } "
k= 1 is a proper complex stationary

ergodic fading processwith E{ hk } = d and var(hk ) = #2,
andn(t) is a zero-meancircularly symmetriccomplex white
Gaussiannoiseprocesswith single-sidedspectraldensityN 0.

At the receiver, a bankof correlatorsis employed in each
symbol interval to obtain the M -dimensionalvector Y k =
(Yk,1, . . . , Yk,M ) where

Yk,i =
1

&
N0T

$ kT

(k# 1)T
r (t)e# j ! i t dt, i = 1, 2, . . . , M . (4)

It is easily seenthat, given the symbol X k = i , phase$i

andfadingcoefÞcient hk , Yk,j is a propercomplex Gaussian
randomvariablewith

E{ Yk,j |X k = i , $i , hk } = %hk ej " i &i j

var(Yk,j |X k = i , $i , hk ) = 1,

where&i j = 1 if i = j andis zerootherwise,and%2 = P T
$N 0

=
SNR

$ with SNR denotingthe signal-to-noiseratio per symbol.

I I I . CAPACITY OF M -ARY ORTHOGONAL OOFSK
SIGNALING WITH ENERGY DETECTION

In thissection,weanalyzethecapacityof M -aryorthogonal
OOFSKsignalingwhenin every symbolinterval k = 1, 2, . . .,
the receiver employs noncoherentreceptionandmeasuresthe

energy at eachof the M frequencies,i.e., computesfor 1 $
i $ M

Rk,i = |Yk,i |2 =

%
%
%
%
%

1
&

N0T

$ kT

(k# 1)T
r (t)e# j ! i t dt

%
%
%
%
%

2

, (5)

andthedecoderseesthevectorRk = (Rk,1, . . . , Rk,M ). With
thisstructure,thereceiver doesnotneedto trackphasechanges
in the channel.We considerthe caseswherethe receiver has
either perfector imperfectfading side informationwhile the
transmitterhasnoknowledgeof thefadingcoefÞcient.Besides
providing the ultimate limits on the rate of communication,
capacityresultsalsooffer insight into the power efÞciency of
OOFSKsignalingby enablingusto obtaintheenergy required
to sendonebit of informationreliably.

A. PerfectReceiverSideInformation

We Þrst assumethat the receiver hasperfectknowledgeof
themagnitudeof thefading,|h|. For thiscase,thecapacityasa
functionof SNR = P T

N 0
of M -aryOOFSKsignalingwith energy

detectionis given by the following proposition.Throughout
the paper, we denote the probability density function and
distribution function of a randomvariableZ by pZ and FZ ,
respectively, with argumentsomitted in equationsin order to
avoid cumbersomeexpressions.

Proposition1: Considerthe fadingchannelmodel (3) and
assumethat the receiver perfectly knows the instantaneous
realizationof the magnitudeof the fading,|h k |, k = 1, 2, . . . ,
while thephaseof the fadingis unknown. Furtherassumethat
the transmitterhas no fading side information, and energy
detectionis performedat the receiver. Then the capacityof
M -ary orthogonalOOFSK signalingwith a Þxed duty factor
! $ 1 is

Cp
M (SNR) = E|h|

&
(1 ! ! )

$
pR |X = 0 log

pR |X = 0

pR | |h |
dR

+ !
$

pR |X = 1,|h | log
pR |X = 1,|h |

pR | |h |
dR

'
(6)

where

pR | |h | = (1 ! ! )pR |X = 0 +
!
M

M(

i = 1

pR |X = i ,|h | , (7)

pR |X = 0 = e#
) M

j = 1 R j , (8)

pR |X = i ,|h | = e#
) M

j = 1 R j f (Ri , |h|, SNR) 1 $ i $ M , (9)

and

f (Ri , |h|, SNR) = e# SNR/$ |h |2

I 0

!
2
*

SNR/ ! |h|2Ri

"
. (10)

Proof: Sincethe fadingis assumedto be a stationaryander-
godicprocessthatstaysconstantover thesymbolduration,the
capacityof OOFSKsignalingcanbe formulatedas follows:

C(SNR) = lim
n ! "

max
X n

1
n

I (X n ; Rn
%
%|h|n ), (11)

where X n = (X 1, . . . , X n ), Rn = (R1, . . . , Rn ), |h|n =
(|h1|, . . . , |hn |), and I (á; á) denotesthe mutual information.
As the additive Gaussiannoisesamplesare independentfor
eachsymbol interval, it can be shown that an independent
andidentically distributed(i.i.d.) input sequenceachieves the
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capacity, anddueto the symmetryof the channel,theoptimal
input distribution is uniform over nonzeroinput values,i.e.,
P(X k = i ) = $

M for 1 $ i $ M whereP(X k = 0) = 1 ! ! .
Thecapacityexpressionin (6) is easilyobtainedby evaluating
the mutual information achieved by the optimal input, and
consideringa genericsymbol interval, anddroppingthe time
index k. !

Not having a closed-formformula,the resultin (6) mustbe
evaluatednumerically, andcomputationalcomplexity imposes
a burdenon numericaltechniquesfor large M . Nevertheless,
we can Þnd an expressionfor the channelcapacity in the
asymptoticregimewhereM ' # asa corollaryto Proposition
1. The proof usesmartingaletheory, following [9] where a
similar result is obtainedfor M -ary FSK signalingover the
noncoherentGaussianchannel.

Corollary 1: The capacity expression (6) for M -ary
OOFSKsignalingin the limit asM ' # becomes

Cp
" (SNR) = D(pR| ÷x ,|h |

+
+pR| ÷x = 0,|h |

%
%F|h|F÷x ) (12)

where D(á( á
%
%F|h|F÷x ) is the Kullback-Leibler divergence

conditionedon |h| and ÷x, R = |y|2 = |h÷x + n|2, ÷x is a
two-mass-pointdiscreterandomvariable with the following
distribution,

F÷x = (1 ! ! ) u(÷x) + ! u(÷x !
*

SNR/ ! ), (13)

and n is zero-meancircularly symmetriccomplex Gaussian
randomvariablewith E{ |n|2} = 1. Therefore,

pR| ÷x ,|h | = e# R# ÷x 2 |h |2

I 0

!
2
*

÷x2 |h|2R
"

.

B. ImperfectReceiverSideInformation

In this section, we assumethat neither the receiver nor
the transmitter has any fading side information. Differing
from the previous section,here we considera more special
fadingprocess:memorylessRician fadingwhereeachof the
i.i.d. hk Õs is a proper complex Gaussianrandom variable
with E{ hk } = d and var(hk ) = #2. This model can also
be regardedas a fading channelwhere the receiver has an
imperfect estimateof the fading, d, and the error in the
estimateis modeledasa zero-meancomplex Gaussianrandom
variablewith variance#2.

Proposition2: Considerthe fadingchannel(3) andassume
that the fading process{ hk } is a sequenceof i.i.d. proper
complex Gaussianrandom variables which are not known
at either the receiver or the transmitter. Furtherassumethat
energy detectionis performedat thereceiver. Thenthecapacity
of M -ary orthogonalOOFSKsignalingwith Þxed duty factor
! $ 1 is given by

Ci p
M (SNR) = (1 ! ! )

$
pR |X = 0 log

pR |X = 0

pR
dR

+ !
$

pR |X = 1 log
pR |X = 1

pR
dR (14)

where

pR = (1 ! ! )pR |X = 0 +
!
M

M(

i = 1

pR |X = i , (15)

pR |X = 0 = e#
) M

j = 1 R j , (16)

pR |X = i = e#
) M

j = 1 R j f (Ri , SNR) 1 $ i $ M , (17)

and

f (Ri , SNR) =
e

SNR
! ( " 2 R i ! | d | 2 )

" 2 SNR
! + 1

#2 SNR
$ + 1

I 0

,

-
2
.

SNR
$ |d|2Ri

#2 SNR
$ + 1

/

0 . (18)

Proof: With the memorylessassumption,the capacityof the
M -ary OOFSKsignalingcanbe formulatedasthe maximum
mutual informationbetweenthe channelinput X k andoutput
vectorRk for any k. Due to the symmetryof the channel,it
canbe shown that an input distribution uniform over nonzero
input values,i.e., P(X = i ) = $

M for 1 $ i $ M where
P(X = 0) = 1! ! achieves thecapacityandwe easilyobtain
(14) by noting that conditionedon X = i , R j = |Yj |2 is a
chi-squarerandomvariablewith two degreesof freedom. !

Similarly to Corollary1, we canÞnd the inÞnite bandwidth
capacity achieved as the numberof orthogonalfrequencies
increaseswithout bound.

Corollary 2: The capacity expression (14) of M -ary
OOFSKsignalingin the limit asM ' # becomes

Ci p
" (SNR) = D(pR| ÷x

+
+pR| ÷x= 0

%
%F÷x ) (19)

where D(á( á|F÷x ) denotesthe Kullback-Leibler divergence
conditionedon ÷x, R = |y|2 = |h÷x+ n|2, ÷x is a two-mass-point
discreterandomvariablewith the distribution function given
in (13), and n is a zero-meancircularly symmetriccomplex
Gaussianrandomvariablewith E{ |n|2} = 1. Therefore,

pR| ÷x =
1

#2÷x2 + 1
exp

1
!

R + ÷x2|d|2

#2÷x2 + 1

2
I 0

3
2
*

÷x2|d|2R
#2÷x2 + 1

4

.

Remark1: Assumethat in the caseof perfectreceiver side
information,{ hk } is a sequenceof i.i.d. propercomplex Gaus-
sian randomvariables.Then the asymptoticloss in capacity
incurredby not knowing the fadingis

Cp
" (SNR) ! Ci p

" (SNR) = I (|h|; R
%
%÷x) (20)

whereR = |h÷x + n|2.
Remark2: Consider the case of imperfect receiver side

informationwhere

Ci p
" = D(pR| ÷x

+
+pR| ÷x = 0

%
%F÷x )

= (#2 + |d|2)SNR! ! log
!

#2 SNR

!
+ 1

"
!

2SNR|d|2

#2SNR/ ! + 1

+ ! ER

5
6

7
logI 0

,

-
2
.

SNR
$ |d|2R

#2 SNR
$ + 1

/

0

8
9

:
(21)

with SNR = P T
N 0

. From (21) we can easily seethat for Þxed
symbol interval T ,

lim
$$0

1
T

Ci p
" (SNR) = (#2 + |d|2)

P
N0

nats/s, (22)

andfor Þxed duty factor ! ,

lim
T %"

1
T

Ci p
" (SNR) = (#2 + |d|2)

P
N0

nats/s. (23)

Note that right-handsidesof (22) and (23) are equal to the
inÞnite bandwidthcapacityof the unfadedGaussianchannel
with thesamereceived signalpower. Hence,theseresultsagree
with previousresults[4], [5] and[13] whereit hasbeenshown
that the capacityof M -ary FSK signalingover noncoherent
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fadingchannelsapproachesthe inÞnite bandwidthcapacityof
the unfadedGaussianchannelfor large M and large symbol
durationT or small duty factor ! .

IV. POWER EFFICIENCY

In this section,we analyzethe power efÞciency of OOFSK
signalingby studyingthe energy per informationbit require-
ment in the low-SNR regime. In the low-power regime, the
spectral-efÞciency/bit-energy tradeoff reßectsthe fundamental
tradeoff betweenbandwidth and power. Assuming that the
bandwidthof M -ary OOFSKmodulationis M

T whereT is the
symbolduration,the maximumachievablespectralefÞciency
is

C
1

Eb

N0

2
=

1
M

C(SNR) bits/s/Hz (24)

whereC(SNR) is the capacityin bits/symbol,and

Eb

N0
=

SNR

C(SNR)
(25)

is the bit energy normalized to the noise power. For av-
erage power limited channels,the bit energy required for
reliable communicationsdecreasesmonotonically with de-
creasing spectral efÞciency, and the minimum bit energy
is achieved at zero spectral efÞciency, i.e., E b

N 0 min
=

limSNR! 0
SNR

C (SNR) loge 2 = loge 2
úC (0)

. Hencefor Þxed rate trans-
mission, reductionin the requiredpower comesonly at the
expenseof increasedbandwidth,andthe minimumbit energy
is achieved only in the asymptoticregime of inÞnite band-
width. If one is willing to spendmore power, then reliable
communicationover a Þnite bandwidth is possible.Hence
achieving the minimum bit energy is not a sufÞcient criterion
for Þnite bandwidthanalysis.Verd«u [6] has recently given
the following formula for the widebandslope,deÞnedas the
slopeof thespectralefÞciency curve C

!
E b
N 0

"
in bits/s/Hz/3dB

at zerospectralefÞciency:

S0
def= lim

E b
N 0

$
E b
N 0

%
%
%
C= 0

C
!

E b
N 0

"

10 log10
E b
N 0

! 10 log10
E b
N 0

%
%
%
C= 0

10 log10 2

=
1

M

2
!

úC(0)
" 2

! ¬C(0)
, (26)

where úC(0) and ¬C(0) denotetheÞrstandsecondderivativesof
thecapacityin nats.Thewidebandslopecloselyapproximates
the growth of the spectralefÞciency curve in the low-power
regime andhenceis a useful tool providing insightful results
whenbandwidthis a resourceto be conserved.

A. Limited Peak-to-Average Power Ratio

Thepeak-to-averagepowerratio(PAR) of OOFSKsignaling
is equal to inverseof the duty factor, 1/ ! . In this section,
we keep the duty factor Þxed at its minimum allowed level
while the SNR varies.We show that under this limited PAR
condition, OOFSK communicationwith energy detectionat
low SNR values is extremely power inefÞcient even in the
unfadedGaussianchannel.

Proposition3: The Þrst derivative of the capacityat zero
SNR achieved by M -ary OOFSK signalingwith a Þxed duty
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N 0
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!
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"
bits/s/Hzfor theRician channelwith K = 0.5.

M = 2.

factor ! $ 1 over the unfadedGaussianchannelis zero, i.e.,
úC(0) = 0, andhencethe bit energy requiredat zerospectral

efÞciency is inÞnite,

Eb

N0

%
%
%
%
C= 0

= lim
SNR! 0

SNR

C(SNR)
loge 2 =

loge 2
úC(0)

= # . (27)

Since the presenceof fading doesnot increasethe capacity,
from the above Proposition,we immediately concludethat
úC(0) = 0 for fading channelsregardlessof receiver side

information as long as ! is Þxed and hence the peak-to-
averagepower ratio is limited. This result shows that the
minimum bit energy of M -ary OOFSKsignalingis achieved
at a nonzerospectralefÞciency, C&, andoperatingat spectral
efÞciencieslower than C& (henceoperatingat very low SNR

values)hasto be avoided as this only increasesthe required
power. Note that sinceSNR = P T

N 0
, low SNR meanseither low

inputpowerP with respectto thenoisepower, or smallsymbol
durationT which requireshigh bandwidth.We needto resort
to numericalcomputationsto obtain the most power-efÞcient
operatingpoints.

Figure1 plotsbit energy curvesasa functionof thespectral
efÞciency in bits/s/Hzachieved in theunfadedGaussianchan-
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nel by 2-OOFSKsignalingfor different valuesof Þxed duty
factor! . Notice that for all casesminimum bit energy values
are obtainedat a nonzerospectralefÞciency and as the duty
factor is decreased,the requiredminimum bit energy is also
decreased.With ! = 0.001, the minimum bit energy is about
0.05 dB. Note that this is a signiÞcant improvementover the
case! = 1 (ordinaryFSK) wherethe minimum bit energy is
about6.7 dB. However, this gain is obtainedat the costof a
very large increasein the peak-to-averageratio. Fig. 2 plots
the bit energy curvesin the Rician channelwith Rician factor
K = |d|2

%2 = 0.5.

B. Limited PeakPower

In this section,we considerthecasewherethepeaklevel of
thetransmittedsignalis limited while thereis no constrainton
thepeak-to-averagepowerratio.HenceweÞx thepeaklevel to
themaximumallowedlevel, A = P

$ . ThereforeasP " 0, the
duty factoralso hasto vanishandhencethe peak-to-average
ratio increaseswithout bound.In this case,the minimum bit
energy is achieved at zerospectralefÞciency andthewideband
slopeprovidesa goodcharacterizationof the bandwith/power
tradeoff at low spectralefÞciency values.

Proposition4: Assume that the transmitter is limited in
peak power, P

$ $ A, and the symbol duration T is Þxed.
Thenthecapacityachieved by M -ary OOFSKsignaling,with
Þxed peakpower A, is a concave functionof the SNR. For the
perfectreceiver side informationcasethe minimum received
bit energy andthe widebandslopeare

E r
b

N0 min
=

loge 2
E | h | E R { log I 0 (2

&
&|h|2 R )}

&(%2 + |d|2 ) ! 1
,

S0 =
2

!
Eh ER

;
log I 0

!
2
*

' |h|2R
" <

! ' (#2 + |d|2)
" 2

Eh { I 0(2' |h|2)} ! 1
,

respectively, where R is a noncentral chi-squarerandom
variablewith pR = e# R# &|h |2

I 0(2
*

' |h|2R) and ' = A T
N 0

is the normalizedpeakpower. For the imperfectreceiver side
information casethe minimum received bit energy and the
widebandslopeare

E r
b

N0 min
= loge 2

,

=
- 1# 1

" 2 + | d | 2

,

=
-

2| d | 2

# " 2 + 1
+

l og ( # " 2 + 1) ! E

>

l og I 0

3
2
'

# | d | 2 R
# " 2 + 1

4 ?

#

/

@
0

/

@
0

! 1

,

S0 =

5
A6

A7

2
1

&(%2 + |d|2 )# 2# | d | 2

# " 2 + 1
# log(&%2 +1)+ E

&
log I 0

1
2
'

# | d | 2 R

# " 2 + 1

2 ' 2 2

1
1! # 2 " 4 exp

!
2# 2 " 2 | d | 2

1 ! # 2 " 4

"
I 0

!
2# | d | 2

1 ! # 2 " 4

"
# 1

&%2 < 1

0 &%2 ( 1,

respectively, where R is a noncentral chi-squarerandom

variablewith pR = 1
&%2 + 1 exp

!
! R+ &|d|2

&%2 + 1

"
I 0

1
2
&

&|d|2 R
&%2 + 1

2
.

In contrastto thelimited PAR case,theminimumbit energy
is achieved at zero spectralefÞciency, and hencethe power
efÞciency of the systemimproves if one operatesat lower
SNR and hence duty factor. Note that for both cases,the
minimum bit energy and the widebandslopedo not depend
on M . Thereforeon/off signalingwith vanishingduty cycle
is optimally power-efÞcient at very low spectralefÞciency
values,andthereis no needfor frequency modulation.Further
note that in the imperfect receiver side information case,if
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(dB) vs. C
!
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"
bits/s/Hz for the unfadedGaussianchannel.

M = 2.

' #2 ) 1, thenS0 = 0, andhenceapproachingthe minimum
bit energy is extremely slow. If we relax the peak power
limitation andlet ' ' # , thenit is easilyseenthateven in the
imperfectreceiver side informationcase, E r

b
N 0 min

" loge 2 =
! 1.59 dB. Indeed,Verd«u [6] has shown in a more general
settingthat ßashsignalingwith increasinglyhigh peakpower
is requiredto achieve the minimum bit energy of ! 1.59 dB
if the fadingis not perfectlyknown.

Fig. 3 plots the bit energy curves achieved by 2-OOFSK
signalingin the unfadedGaussianchannelfor differentpeak
power valuesA. Notice that for all casesthe minimum bit
energy is achieved at zero spectralefÞciency or equivalently
asSNR " 0, andthis energy monotonicallydecreasesto ! 1.59
dB asA " # .
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