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Abstract— In this paper, the error performance of on-off
frequency-shift keying (OOFSK) over fading channels is an-
alyzed. A closed-form expression for the probability of error
is obtained as a function of the instantaneous signal-to-noise
ratio (SNR) when OOFSK signals are received over a coherent
Rician fading channel. It is shown in simulation results that
error performance improves especially at low SNR values as
the duty cycle decreases. The error performance is also studied
when the channel is assumed to be unknown at both the
transmitter and receiver. For this case, the optimum detection
rule is identified and analytical expressions for the probability
of error are obtained. Similarly, it is concluded that probability
of error decreases if one operates with lower duty cycle.

I. INTRODUCTION

Although efficient use of energy resources is a design
challenge in most wireless systems where battery-operated
mobile radio units are employed, recent interest in wireless
ad-hoc and sensor networks has further increased concerns
on energy efficiency [1], [2]. In wireless ad-hoc networks
where mobile nodes are required to establish communication
without the aid of a fixed infrastructure, network lifetime
and connectivity are highly dependent on node longevity,
which is controlled by the battery lifetime. In wireless sensor
networks, sensor nodes should make efficient use of scarce
energy resources. For instance, the specifications of a wireless
microsensor system given in [3] indicate that the microsensors
need to operate for 5-10 years with one AA size battery.

Since energy efficiency has to be sustained across all
the layers of the protocol stack, communication techniques
on the physical, medium access, and network layers have
been proposed to improve the energy efficiency in wireless
networks [13], [14], [15], [16]. Moreover, cross-layer design
has emerged as a new paradigm with the goal of achieving
even higher performance gains [4].

In this paper, we concentrate on the physical layer and
analyze the performance of the recently-proposed modula-
tion technique on-off frequency-shift keying (OOFSK) [11].
OOFSK is a modulation scheme in which frequency-shift
keying (FSK) is overlaid on top of on-off keying (OOK). FSK
is an commonly used modulation tehnique whose performance
has been well studied. In [8], the error performance of the FSK
modulated signal transmitted over Rician multiple reception
channels has been investigated. It is shown that the probability
of error decreases inversely with the increasing number of
multichannels and Rician factor for coherent and noncoherent
multiple receivers. Luo et al. [9] obtained upper and lower

bounds for the probability of error of multi-tone FSK on
wideband noncoherent Rayleigh fading channels where neither
the transmitter nor the receiver has channel knowledge. In [10],
circuit energy as well as transmission energy is considered
and it is shown that the total energy consumption can be
minimized by optimizing the active time Ton. Wang et al. [3]
showed that when both the circuit and transmission energies
are taken into account, FSK modulation has a much better
performance in terms of energy efficiency when compared
to phase-shift keying and quadrature amplitude modulation.
One of the advantages of FSK is that if a direct modulation
approach is used, savings from circuit energy is achieved by
removing digital-to-analog converters, mixers, and quadrature
voltage-controlled oscillators.

The capacity and cutoff rate of FSK modulation over Rician
fading channels with a noncoherent receiver have been studied
in [7]. The capacity and power efficiency of OOFSK have
been studied in [11] where the channel capacity is computed
for Rician fading channels with perfect or imperfect channel
information at the receiver and it is shown that the minimum
bit energy decreases if signals with higher peak-to-average
power ratios are allowed.

In this paper, the error performance and energy efficiency of
OOFSK signaling are studied. The organization of the paper
is as follows. Section II introduces the channel model. Section
III discusses the performance of OOFSK modulation over
coherent fading channels. Section IV analyzes the performance
of OOFSK over noncoherent fading channels while section V
includes our conclusions.

II. CHANNEL MODEL

If OOFSK signaling scheme is employed, transmitter sends
over the time interval of [0, T ] either no signal with probability
1−v or one of the following M orthogonal sinusoidal signals
with probability v:

sk(t) =

√
P

v
ej(wkt+θk) 1 ≤ k ≤ M (1)

where P is the average power, wk and θk are the frequency
and phase of sk(t) respectively. The no signal case is denoted
by s0(t) = 0 for 0 ≤ t ≤ T .

The channel is assumed to experience flat fading, i.e, delay
spread of the fading is much less than symbol duration T .
Moreover, it is assumed that T is less than the coherence
time Tc. Under these assumptions, channel fading coefficient
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h stays constant during the symbol time. Hence, the received
signal can be modeled as:

r(t) = hsk(t) + n(t) 0 ≤ t ≤ T (2)

where n(t) is a zero-mean circularly symmetric complex white
Gaussian noise process with single-sided spectral density N0.
Without loss of generality, it is assumed that the kth signal
sk(t) is transmitted. A bank of M correlators is employed at
the receiver and the output at time t = T of the mth correlator
normalized by the noise energy is given by:

Ym =
1√
N0T

∫ T

0

r(t)e−jwmtdt

=
1√
N0T

∫ T

0

[
h

√
P

v
e(wk−wm)t+θk + n(t)e−jwmt

]
dt

=
{

αhejθk + nm, m = k
nm, m �= k

,m = 1, 2, . . . , M, (3)

where nm is a zero-mean unit-variance circularly symmetric

complex Gaussian random variable and α =
√

PT
vN0

. Note
that since orthogonal signals are transmitted, {nm} forms
a sequence of independent and identically distributed (i.i.d.)
random variables. It is assumed that the receiver performs
energy detection, and hence the decoder observes Rm = |Ym|2
for m = 1, 2, . . . ,M .

III. OOFSK PERFORMANCE OVER COHERENT RICIAN

FADING CHANNELS

For the Rician fading channel, h is a proper complex
Gaussian random variable with mean d and variance γ2. In this
section, we assume that the magnitude h is perfectly known
at the receiver. It is readily observed from (3) that

E{Ym|sk, h, θk} = αhejθkδmk (4)

var{Ym|sk, h, θk} = E|n|2 = 1, (5)

where δmk = 1 if m = k and 0 otherwise. Conditioned on
sk and |h|, Rm = |Ym|2 is a chi-square random variable with
two degrees of freedom and the conditional probability density
function (pdf ) of Rm is given by

f(Rm|sk, |h|) =

{
e−(α2|h|2+Rm)I0

(
2
√

α2|h|2Rm

)
m = k

e−Rm m �= k

where m ∈ {1, . . . , M} and k ∈ {0, 1, . . . , M}. Let R denote
the vector of the output energies of the M correlators, i.e,
R = [R1, R2, . . . , RM ], then the joint conditional distribution
function of M outputs is given by:

f(R|sk, |h|) =

�
e−
�M

j=1 Rj e−α2|h|2I0

�
2
�

Rkα2|h|2
�

1 ≤ k ≤ M

e−
�M

j=1 Rj k = 0
(6)

Maximum a posteriori probability (MAP) decision rule is used
for the detection of the OOFSK signals. Hence, sk(t) is the
detected signal if the following condition is satisfied:

p(sk)f(R|sk, |h|) > p(sl)f(R|sl, |h|) ∀l �= k (7)

where p(sk) is the prior probability of the message signal sk.
Note that, in OOFSK signaling we have p(sk) = v

M for k �= 0
and p(s0) = 1−v. Therefore, using the prior probabilities and
the joint conditional distribution function in (6), and assuming
without loss generality that k �= 0, we further simplify the
detection rule as follows:

f(R|sk, |h|) > f(R|sl, |h|) =⇒ Rk > Rl, ∀l �=k, (8)

and
v

M
f(R|sk, |h|) > (1 − v)f(R|s0, |h|) =⇒ Rk > Th (9)

where

Th =

[
I−1
0

(
M(1−v)eα2|h|2

v

)]2

4α2|h|2
is a threshold value and I−1

0 is the functional inverse of the
zeroth order modified Bessel function of the first kind. Without
loss of generality, assuming s1 is the transmitted signal, we
obtain the probability of error as the following:

Pe1 = 1 − Pc1

= 1 −
∫ ∞

Th

P (R2 < R1, . . . , RM < R1|R1 = x)fR1|s1(x|s1)dx

= 1 −
∫ ∞

Th

(1 − e−x)M−1e−(α2|h|2+x)I0

(
2
√

α2|h|2x
)

dx

=1−
M−1∑
n=0

(−1)n

(
M − 1

n

)∫ ∞

Th

e−nxe−(α2|h|2+x)I0

(
2
√

α2|h|2x
)

dx

(10)

where the last equality is obtained by using the binomial
expansion

(1 − e−x)M−1 =
M−1∑
n=0

(
M − 1

n

)
(−1)ne−nx. (11)

The Marcum Q-function is defined as:

Q1(α, β) =
∫ ∞

β

xe−
x2+α2

2 I0(αx)dx. (12)

By applying change of variables and using the Marcum Q-
function definition, (10) becomes

Pe1= 1 −
M−1∑
n=0

G1
(−1)n

n + 1

(
M − 1

n

)
e−

n
n+1 α2|h|2 (13)

where

G1 = Q1

(√
2

n + 1
α|h|,

√
2(n + 1)Th

)
. (14)

2
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When s0 is transmitted, correct detection occurs if Rk < Th

∀k, and hence

Pe0 = 1 − Pc0

= 1 − P (R1 < Th, , . . . , RM < Th|s0)

= 1 −
(∫ Th

0

e−xdx

)M

= 1 − (1 − e−Th)M . (15)

The probability of error for OOFSK modulation with energy
detection is

Pe = vPe1 + (1 − v)Pe0. (16)

The average probability of error is then obtained from

P̄e =
∫ ∞

0

Pe f(|h|) d|h|

=
∫ ∞

0

Pe
2|h|
γ2

e
− |h|2+|d|2

γ2 I0

(
2|d||h|

γ2

)
d|h|. (17)

When v = 1, OOFSK signaling reduces to ordinary FSK. In
this case, (9) becomes:

1
M

e−α2|h|2I0(2
√

Rkα2|h|2) > 0. (18)

It is easily seen that (18) is always satisfied. So, (8) is enough
for the detection of FSK signaling. Now, assuming signal s1

is transmitted, the probability of error is:

Pe = 1 − P (R2 < R1, . . . , RM < R1|s1)

= 1−
∫ ∞

0

P (R2 <R1, . . . , RM<R1|R1 = x)fR1|s1(x|s1)dx

= −
M−1∑
n=1

(−1)n

(
M − 1

n

)
1

n + 1
e−

n
n+1 α2|h|2 . (19)

Due to the symmetry of the channel, when signals other than
s1 are transmitted, we have the same probability of error.
Hence, (19) is the probability of error for FSK with |h| known
to the receiver. Note that since Q1(·, 0) = 1, if we choose
Th = 0, (13) becomes equal to (19). We obtain the average
probability of error P̄e:

P̄e =
∫ ∞

0

Pef|h|2(x)dx

=
∫ ∞

0

Pe
1
γ2

e
− |d|2+x

γ2 I0

(
2|d|√x

γ2

)
dx

= −
M−1∑
n=1

(−1)n

(
M − 1

n

)
1

(n + 1)γ2
e
− |d|2

γ2

×
∫ ∞

0

e−
nα2x
n+1 e

− x
γ2 I0

(
2|d|√x

γ2

)
dx. (20)

Figure 1 plots the numerical results for the probability of error
of FSK and OOFSK signaling with different values of duty
cycle v over the Rician channel when channel information
is known to the receiver side. It shows that in the low
SNR regime, OOFSK with smaller duty cycle achieves lower
probability of error or for a fixed value of error probability,
OOFSK signaling with lower duty cycle requires lower SNR,
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Fig. 1. Probability of error of 8-OOFSK over Rician channel with Rician

factor K =
|d|2
γ2 = 1 when channel information is known to the receiver.

Error curves are plotted for duty factor of v = 1, 0.8, 0.5 and 0.3.
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Fig. 2. Probability of error of 8-OOFSK as a function of the SNR over the
unfaded Gaussian channel.

rendering this modulation more energy efficient.

Setting h = 1 in (6), (8), (9) and (10), we get the joint
distribution function, decision rules and probability of error
for OOFSK signaling over the unfaded Gaussian channel.
The probability of error of FSK signaling over the Gaussian
channel [5] is:

Pe =
M−1∑
n=1

(−1)n+1

(
M − 1

n

)
1

n + 1
e−

nρ
n+1 . (21)

where ρ is the SNR/symbol.
Fig. 2 is the comparison of FSK and OOFSK in the unfaded
Gaussian channel. Similarly, we observe that decreasing the
duty cycle, v, improves the energy efficiency.
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IV. OOFSK PERFORMANCE OVER NONCOHERENT RICIAN

FADING CHANNELS

In noncoherent Rician fading channels, h in (2) is a circu-
larly symmetric Gaussian random variable with mean value d
and variance γ2 and neither the transmitter nor the receiver
knows the fading coefficients. Based on these assumptions, if
sk(t) is transmitted, we have

E{Ym} =
{

αdejθm m = k
0 m �= k

, (22)

var{Ym} =
{

α2γ2 + 1 m = k
1 m �= k

. (23)

Since Ym is a complex Gaussian random variable, Rm =
|Ym|2 is chi-square distributed and the joint distribution func-
tion of output conditioned on sk(t) being transmitted is

fR|sk
(R|sk)=

���
��

e
−�M

j=1
j �=k

Rj
e
− Rk+α2|d|2

1+α2γ2

1+α2γ2 I0

�
2
√

Rkα2|d|2
1+α2γ2

�
1 ≤ k ≤ M

e−
�M

j=1 Rj , k = 0.

Using the MAP decision criterion, we reach to the following
detection rule: sk(t) (k �= 0) is the detected signal if

f(R|sk)>f(R|sl) =⇒ Rk > Rl ∀l �= k, (24)

and
v

M
f(R|sk) > (1 − v)f(R|s0) =⇒ Rk > Φ−1(T ) (25)

where

Φ(R) = e
α2γ2R

1+α2γ2 I0

(
2
√

R α2|d|2
1 + α2γ2

)
(26)

and

T =
M(1 − v)

v
(1 + α2γ2) e

α2|d|2
1+α2γ2 . (27)

Note that (24) and (25) follow from the fact that Φ is
a monotonically increasing function of R and hence the
functional inverse Φ−1 is well-defined. In FSK signaling,
the detection rule simplifies to Rk > Rl,∀l �= k, and the
probability of error is readily found as

Pe = 1 −
∫ ∞

0

pRk
(x)

[∫ x

0

pRm
(y)dy

]M−1

dx (28)

=
M−1∑
n=1

(−1)n+1

(
M − 1

n

)
1

n + 1 + nα2γ2
e
− nα2|d|2

n+1+nα2γ2 .

(29)

Note that although we do not have a closed form expression
for Φ−1, we can find threshold value through numerical
methods from the equation Th = Φ−1(T ). For simplicity, s1

is assumed to be transmitted, then, the probability of error Pe1

is:

Pe1=1 − Pc1

=1− P (R2 <R1,. . . ,RM <R1, R1 >Th|s1)

= 1 −
M−1∑
n=0

(−1)n

(
M − 1

n

)

×
∫ ∞

Th

1
1+ α2γ2

e
− [n(1+α2γ2)+1]x+α2|d|2

1+α2γ2 I0

(
2α|d|√x

1 + α2γ2

)
dx.

(30)

After some manipulations on the equation, the probability
of error is represented in terms of the Marcum Q-function.

Pe1= 1−
M−1∑
n=0

(−1)n 1
n(1 + α2γ2) + 1

(
M − 1

n

)
e
− nα2|d|2

(n(1+α2γ2)+1)

×
∫ ∞

[n(1+α2γ2)+1]Th

1
1 + α2γ2

e
− ẋ+α2|d|2

1+α2γ2 I0

(
2α|d|√ẋ

1 + α2γ2

)
dẋ

= 1 −
M−1∑
n=0

(−1)n 1
n(1 + α2γ2) + 1

(
M − 1

n

)
e
− nα2|d|2

n(1+α2γ2)+1

×Q1

(√
2α2|d|2

(1+α2γ2)[n(1+α2γ2)+1]
,

√
2[n(1+α2γ2)+1]Th

(1+α2γ2)

)
.

(31)

When no signal is transmitted, the probability of error is:

Pe0 = 1 − Pc0

= 1 − P (R1 < Th, . . . , RM < Th |s0)

= 1 −
(∫ Th

0

e−xdx

)M

= 1 − (
1 − e−Th

)M
. (32)

Then, the overall probability of error for OOFSK signaling
over noncoherent Rician channel is:

Pe = vPe1 + (1 − v)Pe0 (33)

Fig. 3 is the numerical result which shows that the energy
efficiency improves as one operates with lower duty cycle
v. Fig. 4 plots the simulated error probabilities and upper
bounds for OOFSK modulation with v = 0.2 and 0.8 when a
suboptimum threshold value of Th = SNR/(νc) is used where
c is a parameter chosen to get the tightest upper bound.

Note that Marcum Q function has the following bounds
when β > α > 0: [12]

β

β + α
e−

(β+α)2

2 ≤ Q1(α, β) ≤ β

β − α
e−

(β−α)2

2 . (34)

In (31), when β
α =

√
[n(1+α2γ2)+1]2

c|d|2 > 1, using the above
bounds, we can obtain bounds expressed with exponential
functions rather than the Marcum Q-functions.

When d = 0, we obtain the Rayleigh fading channel. Now,
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the joint conditional pdf of the output energies is

f(R|sk)=

{
e−
�M

j=1,j �=k Rj 1
1+α2γ2 e

− Rk
1+α2γ2 , k = 1, 2, . . . , M

e−
�M

j=1 Rj , k = 0.
(35)

For Rayleigh fading channels, the MAP detector concludes
that sk(t) (k �= 0) is the detected signal if

f(R|sk)>f(R|sl) =⇒ Rk > Rl ∀l �= k (36)

and,
v

M
f(R|sk) > (1 − v)f(R|s0) =⇒ Rk > T0 (37)

where T0 = 1+α2γ2

α2γ2 ln
(
(1 + α2γ2) (1−v)M

v

)
.

Similarly as before, if we assume without loss of generality
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Fig. 5. Error probability of 8-OOFSK over Rayleigh Channel when channel
information is unknown to receiver

that s1(t) is transmitted, the probability of error is

Pe1 = 1 −
∫ ∞

T0

P (R2 < x, . . . , RM < x|R1 = x)pR1(x) dx

=1−
M−1∑
n=0

(−1)n

(
M − 1

n

)
1

n(1 + α2γ2) + 1
e
− [n(1+α2γ2)+1]T0

1+α2γ2

If s0 is sent, the probability of error is

Pe0 = 1 − (
1 − e−T0

)M
. (38)

The overall probability of error is given by

Pe = vPe1 + (1 − v)Pe0. (39)

Fig. 5 plots the error probability curves achieved by FSK and
OOFSK modulations with different values of duty cycle v over
noncoherent Rayleigh channels. Fig. 6 shows that the smaller
the duty factor is, the more energy the OOFSK signaling saves.

V. CONCLUSION

We have analyzed the error performance of OOFSK signal-
ing over coherent and noncoherent fading channels. Assuming
that MAP detection is employed at the receiver, we have
obtained expressions for the probability of error. Simulation
and numerical results show that energy efficiency is improved
considerably by choosing smaller duty factor for both coherent
and noncoherent fading channels
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