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Abstract— 1 Transmission of information over noncoherent
Rician fading channels using M -ary orthogonal on/off FSK
(OOFSK) signaling with phase modulation is considered. The
capacity of this signaling scheme is obtained for both finite M
and as M tends to infinity. Power efficiency is investigated when
the transmitter is subject to a peak-to-average power ratio (PAR)
limitation or a peak power limitation. It is shown that under
PAR limitation, in contrast to average power limited systems,
the minimum bit energy is not always achieved at zero spectral
efficiency. It is concluded that, in these cases, operating at very
low spectral efficiency should be avoided. On the other hand, it
is demonstrated that if there is only a peak power limitation,
power efficiency improves as one operates with smaller SNR and
vanishing duty factor.

I. INTRODUCTION

A wide range of digital communication systems in wireless,
deep-space, and sensor networks operate in the low-power
regime where power consumption rather than bandwidth is the
limiting factor. In these systems, power-efficient transmission
schemes are needed in order to make effective use of scarce
energy resources. Ultrawideband systems also employ low-
power pulses of very short duration subject to strict peak power
requirements.

The power efficiency of a communication system can be
measured by the energy required for reliable communication
of one bit. When communicating at rate R bits/s with power
P , the transmitted energy per bit is Eb = P

R . Since the
maximum rate is given by the channel capacity, C(P ), the
least amount of bit energy required for reliable communication
is Eb = P

C(P ) . In his seminal work [1], Shannon showed that
the capacity of an ideal bandlimited additive white Gaussian
noise channel is C = B log2

(
1 + P

BN0

)
bits/s where P is the

received power, B is the channel bandwidth and N0 is the one-
sided noise spectral level. Notice that as the bandwidth grows
to infinity, the capacity monotonically increases to P

N0
log2 e

bits/s, therefore decreasing the required received bit-energy
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normalized to the noise power to

Er
b

N0
=

P/N0

C
−→

B→∞
loge 2 = −1.59 dB. (1)

This minimum bit energy (1) can be approached by pulse
position modulation with vanishing duty cycle [2] or by M -
ary orthogonal signaling as M becomes large [3]. In the
presence of unknown fading, Jacobs [4] and Pierce [5] have
noted that M -ary orthogonal signaling obtained by frequency
shift keying (FSK) modulation can still approach (1) for large
values of M . Gallager [11, Sec. 8.6] has also demonstrated
that over fading channels M -ary orthogonal FSK signaling
with vanishing duty cycle approaches the infinite bandwidth
capacity of unfaded Gaussian channels as M → ∞ thereby
achieving (1). Luo and Médard [10] have shown that FSK with
small duty cycle can achieve rates of the order of capacity
in ultrawideband systems with limits on bandwidth and peak
power. More recently, Verdú [6] has proven in considerably
wider generality than was previously known that the minimum
received bit energy normalized to the noise level in a Gaussian
channel is −1.59 dB regardless of the knowledge of the fading
at the receiver and/or transmitter. In particular, it is shown in
[6] that if the receiver does not have perfect knowledge of the
fading, flash signaling is required to achieve the minimum bit
energy.

Besides approaching the minimum energy per bit, FSK
modulation is particularly suitable for noncoherent commu-
nications. Butman et al. [7] studied the performance of M -
ary FSK, which has unit peak-to-average power ratio, over
noncoherent Gaussian channels by computing the capacity and
computational cut-off rate. Stark [8] analyzed the capacity and
cut-off rate of M -ary FSK signaling with both hard and soft
decisions in the presence of Rician fading and noted that there
exists an optimal code rate for which the required bit energy
is minimized.

In this paper, we analyze the capacity and power effi-
ciency of M -ary on/off FSK (OOFSK) signaling with phase
modulation, in which M -ary FSK signaling is overlaid on
on/off keying, enabling us to introduce peakiness in both
time and frequency. As joint frequency-phase modulation is

0-7803-8521-7/04/$20.00 (C) 2004 IEEE

20680-7803-8521-7/04/$20.00 © 2004 IEEE

Authorized licensed use limited to: University of Nebraska - Lincoln. Downloaded on September 24, 2009 at 11:54 from IEEE Xplore.  Restrictions apply. 



considered, information is also carried over the phase of the
FSK signals. As discussed above, approaching the minimum
bit energy demands not only infinite bandwidth but also, in the
case of unknown fading, input signals that are peaky in time
or frequency. Signals should either have increasingly higher
peak power or concentrate all the power in one frequency
slot. In this work, motivated by practical considerations, we
limit the peakedness of input signals by imposing peak power
constraints.

II. SYSTEM MODEL

We assume that M -ary orthogonal OOFSK signaling with
phase modulation, in which FSK signaling is overlaid on on-
off keying with a fixed duty factor, ν ≤ 1, is employed at the
transmitter for communication over Rician fading channels.
In this signaling scheme, over the time interval of [0, T ] the
transmitter either sends no signal with probability 1 − ν, or
sends one of M orthogonal sinusoidal signals,

si,θi
(t) =

√
P

ν
ej(ωit+θi) 0 ≤ t ≤ T, 1 ≤ i ≤ M, (2)

with probability ν. To ensure orthogonality, adjacent frequency
slots satisfy |ωi+1 − ωi| = 2π

T . Since the transmitter uses
phase modulation as well to increase the capacity and improve
the efficiency especially in the low-SNR regime, the phase θi

of the sinusoidal signals are also random variables carrying
information. Choosing ν=1, we obtain ordinary FSK signaling
with phase modulation. The channel input can be represented
by the pair (X, θ). If X = i for 1 ≤ i ≤ M , and θ = θi, the
transmitter sends the sine wave si,θi

(t), while no transmission
is denoted by X = 0, and hence s0(t) = 0. Note that OOFSK
signaling has average power P , and peak power P/ν.

We assume that the transmitted signal undergoes fast fre-
quency nonselective Rician fading. In particular, we assume
that while the fading stays constant in each symbol interval, it
changes independently from symbol to symbol. The received
signal can be modeled as follows:

r(t)=hk sXk,θk
(t−(k−1)T )+n(t), (k − 1)T ≤ t ≤ kT, (3)

where {Xk, θk}∞k=1 is the input sequence with Xk ∈
{0, 1, 2, . . . ,M} and θk ∈ [−π, π), {hk}∞k=1 is a sequence of
independent and identically distributed (i.i.d.) proper complex
Gaussian random variables with E{hk} = d and var(hk) =
γ2, and n(t) is a zero-mean circularly symmetric complex
white Gaussian noise process with single-sided spectral den-
sity N0. Due to the fast fading conditions, we assume the
noncoherent scenario where neither the receiver nor the trans-
mitter knows the fading coefficients {hk}.

At the receiver, a bank of correlators is employed to obtain
in each symbol interval the M -dimensional vector Yk =
(Yk,1, . . . , Yk,M ) where

Yk,i =
1√
N0T

∫ kT

(k−1)T

r(t)e−jωit dt, i = 1, 2, . . . ,M. (4)

It is easily seen that, given the symbol Xk = i, phase θi

and fading coefficient hk, Yk,j is a proper complex Gaussian

random variable with E{Yk,j |Xk = i, θi, hk} = α hk ejθiδij

and var(Yk,j |Xk = i, θi, hk) = 1, where δij = 1 if i = j and
is zero otherwise, and α2 = PT

νN0
= SNR

ν with SNR denoting
the signal-to-noise ratio per symbol.

III. CHANNEL CAPACITY

We first analyze the capacity of the OOFSK signaling
over Rician fading channels. While providing the maximum
rates at which reliable communication is possible, capacity
analysis also enables us to investigate the power efficiency by
facilitating the computation of the minimum energy required
to send one information bit.

Proposition 1: For the noncoherent Rician fading channel
model (3), the capacity of M -ary orthogonal OOFSK signaling
with phase modulation and duty factor ν ≤ 1 is given by

CM (SNR) = −M − ν log(γ2 SNR

ν
+ 1)

− (1 − ν)
∫

pR|X=0 log pR dR − ν

∫
pR|X=1 log pR dR (5)

where

pR = (1 − ν)pR|X=0 +
ν

M

M∑
i=1

pR|X=i,

pR|X=0 = e−
∑ M

j=1 Rj ,

pR|X=i = e−
∑ M

j=1 Rj f(Ri, SNR) 1 ≤ i ≤ M,

and

f(Ri, SNR) =
e

SNR
ν

(γ2Ri−|d|2)

γ2 SNR
ν

+1

γ2 SNR
ν + 1

I0


2

√
SNR
ν |d|2Ri

γ2 SNR
ν + 1


 .

Proof : Note that since memoryless channel is assumed, chan-
nel capacity is formulated as follows:

CM = max
X,θ

I(X, θ;Y)

= max
X,θ

, (1 − ν)
∫

pY|X=0,θ log
pY|X=0,θ

pY
dY p(θ) dθ

+
M∑
i=1

P (X = i)
∫

pY|X=i,θ log
pY|X=i,θ

pY
dY p(θ) dθ.

Due to the symmetry of the channel, it can be easily verified
that the capacity-achieving X is uniformly distributed over the
nonzero values, i.e., P (Xk = i) = ν

M for 1 ≤ i ≤ M where
P (Xk = 0) = 1−ν; and the optimal θ is uniformly distributed
on [−π, π). Note that in this case,

CM (SNR) =(1 − ν)
∫

pY|X=0,θ log
pY|X=0,θ

pY
dY

1
2π

dθ

+ ν

∫
pY|X=1,θ log

pY|X=1,θ

pY
dY

1
2π

dθ

where

pY|X=i,θi
=

=




1
πM−1 e−

∑
j �=i |Yj |2 1

π(γ2α2+1)e
− |Yi−αdejθi |2

γ2α2+1 1 ≤ i ≤ M
1

πM e−
∑ M

j=1 |Yj |2 i = 0
.
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The capacity expression in (5) is obtained by first integrating
with respect to θ and then making a change of variables, Rj =
|Yj |2. �

Not having a closed-form expression, channel capacity
(5) has to be numerically evaluated for a given number of
orthogonal frequencies M , and SNR. Note that the number
of integral expressions increases linearly in M , leading to a
higher computational complexity for large M . On the other
hand, we reach to a simple closed-form expression of the
capacity as M tends to infinity.

Corollary 1: The capacity expression (5) of M -ary OOFSK
signaling in the limit as M ↑ ∞ becomes

C∞(SNR) = (γ2 + |d|2) SNR − ν log
(
γ2 SNR

ν
+ 1

)
. (6)

Proof : The method of proof follows primarily from [9] where
martingale theory is used to establish a similar result for M -
ary FSK signaling over the noncoherent Gaussian channel. The
capacity expression in (5) can be rewritten as

CM (SNR) = (γ2 + |d|2) SNR − ν log
(
γ2 SNR

ν
+ 1

)

−
∫

e−
∑ M

i=1 Ri
SM (R)

M
log

SM (R)
M

dR (7)

where SM (R) =
∑M

i=1

(
νf(Ri, SNR) + (1 − ν)

)
is a sum

of i.i.d. random variables. From [9, Corollary 1], we con-

clude that
{

χM = g
(

SM (R)
M

)
= SM (R)

M log SM (R)
M

}∞

M=1
is a

submartingale, and hence from the martingale convergence
theorem [12], χM converges to a limit χ∞ almost surely and
in mean. Therefore limM→∞ E{χM} = E{limM→∞ χM} =
E{χ∞}. Note also that from the strong law of large numbers
and continuity of the function g(x) = x log x,

lim
M→∞

χM = lim
M→∞

g

(
SM (R)

M

)

= g

(
lim

M→∞
SM (R)

M

)

= g (ER{νf(R, SNR) + (1 − ν)})
= g

(∫
e−R

(
νf(R, SNR) + (1 − ν)

)
dR

)

= g(1) = 1 log 1 = 0.

Therefore we have limM→∞ ER

{
SM (R)

M log SM (R)
M

}
= 0,

which immediately leads to

lim
M→∞

CM (SNR) = (γ2 + |d|2) SNR − ν log
(
γ2 SNR

ν
+ 1

)
.

�
Note that in the absence of any limitations on the peak

power, as ν ↓ 0, C∞(SNR)
T → (γ2 + |d|2) P

N0
nats/s which is

equal to the infinite bandwidth capacity of the AWGN channel
with the same received signal power.

IV. POWER EFFICIENCY

In this section, we analyze the power efficiency of OOFSK
signaling with phase modulation by studying the energy per
information bit requirement in the low-SNR regime. In the low-
power regime, the spectral-efficiency/bit-energy tradeoff re-
flects the fundamental tradeoff between bandwidth and power.
Assuming that the bandwidth of M -ary OOFSK modulation is
M
T where T is the symbol duration, the maximum achievable
spectral efficiency is

C

(
Eb

N0

)
=

1
M

C(SNR) bits/s/Hz (8)

where C(SNR) is the capacity in bits/symbol, and

Eb

N0
=

SNR

C(SNR)
(9)

is the bit energy normalized to the noise power. For average
power limited channels, the bit energy required for reli-
able communications decreases monotonically with decreasing
spectral efficiency, and the minimum bit energy is achieved at
zero spectral efficiency, i.e.,

Eb

N0 min

= lim
SNR→0

SNR

C(SNR)
loge 2 =

loge 2
Ċ(0)

.

Hence for fixed rate transmission, reduction in the required
power comes only at the expense of increased bandwidth, and
the minimum bit energy is achieved only in the asymptotic
regime of infinite bandwidth. If one is willing to spend more
power, then reliable communication over a finite bandwidth
is possible. Hence achieving the minimum bit energy is not a
sufficient criterion for finite bandwidth analysis. Verdú [6] has
recently given the following formula for the wideband slope,
defined as the slope of the spectral efficiency curve C

(
Eb

N0

)
in bits/s/Hz/3dB at zero spectral efficiency:

S0
def= lim

Eb
N0

↓ Eb
N0

∣∣∣
C=0

C
(

Eb

N0

)

10 log10
Eb

N0
− 10 log10

Eb

N0

∣∣∣
C=0

10 log10 2

=
1
M

2
(
Ċ(0)

)2

−C̈(0)
, (10)

where Ċ(0) and C̈(0) denote the first and second derivatives of
the capacity in nats. The wideband slope closely approximates
the growth of the spectral efficiency curve in the low-power
regime and hence is a useful tool providing insightful results
when bandwidth is a resource to be conserved.

We first consider the case in which the input peak-to-average
power ratio (PAR) is limited, and investigate the spectral-
efficiency/bit-energy tradeoff in the low power regime. Note
that since OOFSK signaling has average power P , and peak
power P/ν, PAR constraint controls the duty cycle parameter
ν.

Proposition 2: Assume that the transmitter is constrained
to have limited peak to average power ratio, and the PAR of
M -ary OOFSK signaling, 1/ν, is kept fixed at its maximum
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level. Then the received bit energy required at zero spectral
efficiency and the wideband slope are

Er
b

N0

∣∣∣∣
C=0

=
(

1 +
1
K

)
loge 2 and S0 =

2K2

(1 + K)2 − M
ν

,

respectively, where K = |d|2
γ2 is the Rician factor.

Proof : Note that in the capacity expression (5), the only
term that depends on SNR is f(Ri, SNR). Using the facts
limx→0

I1(a
√

x)√
x

= a
2 and limx→0

I0(a
√

x)
x − 2I1(a

√
x)

ax3/2 = a2

8 ,
one can easily show that the first and second derivatives with
respect to SNR of f(Ri, SNR) at zero SNR are

ḟ(Ri, 0) =
1
ν

(γ2 + |d|2)(−1 + Ri)

and

f̈(Ri, 0) =
1
ν2

(|d|4 + 2γ4 + 4γ2|d|2)
(

1 − 2Ri +
R2

i

2

)
,

respectively. Then, differentiating the capacity (5) with respect
to SNR we have

Ċ(0) = |d|2 and C̈(0) = − (γ2 + |d|2)2
M

+
γ4

ν
. (11)

The received bit energy required at zero spectral efficiency is
obtained from the formula Er

b

N0

∣∣∣
C=0

= (γ2+|d|2) loge 2

Ċ(0)
and the

wideband slope is found by inserting the derivative expressions
in (11) into (10). �

In the limited PAR case, in contrast to average power limited
systems, the minimum bit energy is not always achieved at
zero spectral efficiency. Note that in the Rayleigh fading
channel where K = 0, Er

b

N0

∣∣∣
C=0

= ∞, and hence operating
at very low spectral efficiency (or equivalently at very low
SNR) should be avoided. Note also that in the Rician channel,
if (1 + K)2 < M

ν , then the wideband slope is negative, and
the minimum bit energy is achieved at a nonzero spectral
efficiency. Figure 1 plots the bit energy curves as a function
of spectral efficiency in bits/s/Hz for 2-FSK signaling with
uniform phase (ν = 1). Note that for K = 0.25, the wideband
slope is negative, and hence the minimum bit energy is
achieved at a nonzero spectral efficiency. On the other hand
for K = 0.5, 1, 2, the wideband slope is positive, and hence
higher power efficiency is achieved as one operates at lower
spectral efficiency. Fig. 2 plots the bit energy curves for
2-OOFSK signaling with uniform phase and different duty
cycle parameters over the Rician channel with K = 1. We
observe that the required minimum bit energy is decreasing
with decreasing duty cycle. For instance, when ν = 0.01, the
minimum bit energy of ∼ 0.46dB is achieved at the cost of a
peak-to-average ratio of 100. Note also that since the received
bit energy at zero spectral efficiency (2) depends only on the
Rician factor K, all the curves in Fig. 2 meet at the same point
on the y-axis.

We also consider the case in which the transmitter is subject
to a fixed peak power limit and there is no constraint on the
peak-to-average ratio. The peak power is kept fixed at P/ν =
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−1.59  
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channel (K = 0), Rician channels (K = 0.25, 0.5, 1, 2), and the unfaded
Gaussian channel (K = ∞) when M = 2 and ν = 1.
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A, and hence as P decreases to zero, the duty factor has to
vanish as well increasing the PAR.

Proposition 3: Assume that the transmitter is limited in
peak power, P

ν ≤ A, and the symbol duration T is fixed.
Then the minimum received bit energy, which is achieved at
zero spectral efficiency, and the wideband slope are

Er
b

N0 min

=
loge 2

1 − log(γ2η+1)
(γ2+|d|2)η

(12)

and

S0 =




2(η(γ2+|d|2)−log(ηγ2+1))2

1
1−η2γ4 exp

(
2η2γ2|d|2
1−η2γ4

)
I0

(
2η|d|2

1−η2γ4

)
−1

ηγ2 < 1

0 ηγ2 ≥ 1
(13)
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respectively, where η = A T
N0

is the normalized peak power.

Proof : When we fix the peak power A = P
v , we have v = SNR

η
and the capacity becomes

CM (SNR) = −M − SNR

η
log(γ2η + 1)

−
(

1− SNR

η

) ∫
pR|X=0 log pR dR− SNR

η

∫
pR|X=1 log pR dR.

In the above capacity expression

pR =
(

1 − SNR

η

)
pR|X=0 +

SNR

η

M∑
i=1

pR|X=i

where pR|X=0 and pR|X=i for 1 ≤ i ≤ M do not depend on
SNR because the ratio SNR

ν = η is a constant. Due to concavity
of the capacity curve, which follows from the concavity of
−x log x and the fact that pR is a linear function of SNR, the
minimum bit energy is achieved at zero spectral efficiency.
Differentiating the capacity with respect to SNR, we get

Ċ(0) = γ2 + |d|2 − log γ2η + 1
η

,

and

C̈(0) =




1− 1
1−η2γ4 exp

(
2η2γ2|d|2
1−η2γ4

)
I0

(
2η|d|2

1−η2γ4

)

η2M ηγ2 < 1
−∞ ηγ2 ≥ 1.

Then, (12) and (13) are easily obtained using aforementioned
formulas for the minimum bit energy and the wideband slope.
�

In this case, power efficiency improves as one operates at
lower SNR values. However, note that if ηγ2 ≥ 1, approaching
the minimum bit energy is very slow. Note also that as the
peak limit is relaxed, i.e., η ↑ ∞, Er

b

N0 min
→ −1.59 dB.

Fig. 3 plots the bit energy curves as a function of spectral
efficiency for the Rayleigh channel (K = 0), Rician channels
(K = 0.25, 0.5, 1, 2), and the unfaded Gaussian channel
(K = ∞) when normalized peak power limit is η = 1. We
observe that for all cases the required bit energy decreases
with decreasing spectral efficiency, and therefore the minimum
bit energy is achieved at zero spectral efficiency.
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