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The Noncoherent Rician Fading Channel—Part I:
Structure of the Capacity-Achieving Input
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Abstract—Transmission of information over a discrete-time
memoryless Rician fading channel is considered, where neither the
receiver nor the transmitter knows the fading coefficients. First,
the structure of the capacity-achieving input signals is investigated
when the input is constrained to have limited peakedness by
imposing either a fourth moment or a peak constraint. When the
input is subject to second and fourth moment limitations, it is
shown that the capacity-achieving input amplitude distribution
is discrete with a finite number of mass points in the low-power
regime. A similar discrete structure for the optimal amplitude
is proven over the entire signal-to-noise ratio (SNR) range when
there is only a peak-power constraint. The Rician fading with
the phase-noise channel model, where there is phase uncertainty
in the specular component, is analyzed. For this model, it is
shown that, with only an average power constraint, the capacity-
achieving input amplitude is discrete with a finite number of levels.
For the classical average-power-limited Rician fading channel, it is
proven that the optimal input amplitude distribution has bounded
support.

Index Terms—Capacity-achieving input, channel capacity,
fading channels, memoryless fading, peak constraints, phase noise,
Rician fading.

I. INTRODUCTION

ECENTLY, the information-theoretic analysis of fading

channels is receiving much attention. This interest is
motivated by the rapid advances in wireless technology and the
need to use scarce resources such as bandwidth and power as
efficiently as possible under severe fading conditions. Providing
the ultimate performance, information-theoretic measures such
as capacity, spectral efficiency, and error exponents can be used
as benchmarks to which the performance of practical com-
munication systems can be compared. Furthermore, with the
recent discovery of codes that operate very close to the Shannon
capacity, information-theoretic limits have gained practical rel-
evance. Although the capacity and other information-theoretic
measures of fading channels were investigated in as early as the
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1960s [4], [5], it is only recently that many interesting fading
channel models have been considered under various practically
related input and channel constraints.

A significant amount of effort has been expended to study
fading channel models where side information about the fading
is available at either the receiver or the transmitter or both
(see [24]-[27]). However, under fast fading conditions, non-
coherent communications, where neither party knows the fad-
ing, often become the only available alternative. Richters [5]
considered the problem of communicating over an average-
power-limited discrete-time memoryless Rayleigh fading chan-
nel without any channel side information. He conjectured that
the capacity-achieving amplitude distribution is discrete with a
finite number of mass points. Recently, Abou-Faycal et al. [8]
gave a rigorous proof of Richters’ conjecture. This result shows
that when the fading is known by neither the transmitter nor
the receiver, the optimal amplitude distribution has a notably
different character than that of unfaded Gaussian channels. A
similar discrete structure for the optimal input was also shown
in [11] for the pulse amplitude modulated direct detection
photon channel when average- and peak-power limitations are
imposed on the intensity of a photon emitting source. Katz
and Shamai [9] considered the noncoherent additive Gaussian
white noise (AWGN) channel and proved that the optimal input
amplitude is discrete with an infinite number of mass points
(see also [10]). Lapidoth [16] recently analyzed the effects of
phase noise over the AWGN channel, characterizing the high-
signal-to-noise-ratio (high-SNR) asymptotics of the channel
capacity for a general class of phase noise distributions with
memory (see also [17]). An extensive study of the capacity
of multiantenna fading channels at high SNR was conducted
in [18].

Kennedy [4] showed that the infinite bandwidth capacity of
fading multipath channels is the same as that of the unfaded
Gaussian channel. Although any set of orthogonal signals
achieves this capacity for the unfaded Gaussian channel, or-
thogonal signals that are peaky both in time and frequency are
needed in the presence of fading [29, Sec. 8.6]. Indeed, for a
general class of fading channels, Verdu [3] has recently shown
that if there are no constraints other than average power, flash
signaling, a class of unbounded peak-to-average ratio inputs
defined in [3], is necessary to achieve the capacity as SNR — 0
when the channel realization is unknown at the receiver. Flash
signaling can be practically employed in systems where sudden
discharge of energy (e.g., using capacitors) is allowed, thus
sidestepping the use of RF amplifiers. However, these peaky
signals are not feasible in communication systems subject to
strict peak-to-average ratio requirements. Furthermore, in some
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systems, code division multiple access (CDMA)-type white
signals, which spread their energy over the available bandwidth,
are used because of their antijamming and low probability of
intercept capabilities. Hence, it is of interest to investigate the
effect upon the capacity of imposing peakedness constraints,
especially in the low-power regime. Médard and Gallager [19]
considered noncoherent broadband fading channels with no
specular component and limited the peakedness of the input
signals by imposing a fourth moment constraint. Then, they
showed that such a constraint forces the mutual information to
zero inversely with increasing bandwidth. Since CDMA-type
signals spread their energy over the available bandwidth, they
satisfy the above fourth moment constraint. Therefore, Médard
and Gallager conclude that CDMA-type white signals cannot
efficiently utilize fading multipath channels at extremely large
bandwidth. Other results on this theme are obtained by Telatar
and Tse [21] and Subramanian and Hajek [20].

In this paper, the noncoherent discrete-time memoryless
Rician fading channel is considered and the capacity and the
optimal input structure are studied. In a companion paper
[Part II], the spectral-efficiency/bit-energy tradeoff in the low-
power regime is further investigated. The organization of the
paper is as follows. In Section II, the Rician fading channel
model is introduced. In Section III, the structure of the capacity-
achieving input distribution in the low-power regime when
the channel input is constrained to have limited peakedness is
characterized. In Section IV, the average-power-limited Rician
fading with phase-noise channel, where there is phase uncer-
tainty in the specular component, is introduced and the structure
of the capacity-achieving input is investigated. In Section V,
numerical results are given, and in Section VI, conclusions
are presented.

II. CHANNEL MODEL

In this paper, the following discrete-time memoryless
Rician fading channel model is considered:

Yi = M + a;Zi + 14 (1

where {a;} and {n;} are sequences of independent identically
distributed (i.i.d.) circular zero mean complex Gaussian random
variables, independent of each other and of the input, with vari-
ances E{|a;|*} = +? and E{|n;|?} = Ny, m is a deterministic
complex constant, z; is the complex channel input and y; is the
complex channel output. {a;} and {n,} represent sequences of
fading coefficients and background noise samples, respectively.

The Rician fading channel model is particularly appropriate
when there is a direct line-of-sight (LOS) component in addi-
tion to the faded component arising from multipath propaga-
tion. Moreover, the Rician model includes both the unfaded
Gaussian channel and the Rayleigh fading channel as two
special cases. Hence, results obtained for this model provide
a unifying perspective.

In the channel model (1), fading is assumed to be flat, and
hence, has a multiplicative effect on the channel input. This
is a valid assumption if the delay spread of the channel is
much smaller than the symbol duration. Moreover, frequency-
selective fading channels can often be decomposed into par-
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allel noninteracting flat fading subchannels using orthogonal
multicarrier techniques. Note also that the fading coefficients
assume independent realizations at every symbol period. Under
such fast fading conditions, reliable estimation of the fading
coefficients may be quite difficult because of the short dura-
tion between independent fades. Therefore, the noncoherent
scenario where neither the receiver nor the transmitter knows
the fading coefficients {a;} is considered.

III. CHANNEL CAPACITY AND OPTIMAL
INPUT DISTRIBUTION

In this section, we elaborate on the structure of the capacity-
achieving input distribution for the Rician fading channel when
the input has limited peakedness, which is achieved by impos-
ing a fourth moment or a peak limitation on the input amplitude.

A. Second and Fourth Moment Limited Input

First, it is assumed that the input amplitude is subject to
second and fourth moment constraints

E{lei’} <Pw Vi 2
E{|z|*} <kP%, Vi (3)

where P,, is the average power constraint and 1 < xk < 00.
When the average power constraint is active, the fourth moment
constraint is equivalent to limiting the kurtosis, ((E{|z;]*})/
(E{|x;|*})?) < K, which is a measure of the peakedness of the
input signal. For the Rician channel model (1), the capacity
is the supremum of the input—output mutual information over
the set of all input distributions satisfying the constraints (2)
and (3)!

fylz(ylz)
C= sup //fy‘m ylx) log U} ™) dy dF,(x)
E{\m\2}<Pav C
E{|z|4}<xPZ,

4)
where the conditional density of the output given the input

_ ox (_ ly — ma|® ) 5)
TP+ No) TP\ 2 + Ny

is circular complex Gaussian. Moreover, note that f,(y) =
Je fyiz(ylz) dF, () is the marginal output density, F, is the
distribution function of the input and C denotes the com-
plex plane.

First, we have the following preliminary result on the optimal
phase distribution.

Proposition 1: For the Rician fading channel (1) and input
constraints (2) and (3), uniformly distributed phase that is
independent of the input amplitude is capacity achieving.?

I'Since the channel is memoryless, without loss of generality, the index 4 can
be dropped.

2The result holds in wider generality: the feasible set defined by (2) and (3)
can be replaced by any set of constraints that are imposed only on the input
magnitude.
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Proof: The result follows readily from the arguments in
[18, Sec. IV.D.6] where the optimality of circularly symmetric
input distributions is pointed out in a more general setting.
Assume that an input random variable x generates a mutual
information, Iy. Consider a new input x; = 2e9? where 6 is
independent of = and uniformly distributed on (—, 7. Since
the conditional distribution has the property f,,(e/?yle’’z) =
Jyle(ylz) for any 6, it can be easily seen that mutual infor-
mation is invariant under deterministic rotations of the input
distribution, and hence, I(z1;y|0) = Iy. By the concavity of
the mutual information over input distributions, I(z1;y) > Iy
holds. Further, note that input constraints (2) and (3) are also
invariant to rotation. Therefore, there is no loss in optimality in
considering input random variables that has uniformly distrib-
uted phase independent of the amplitude. ]

Note that if |m| =0, we have a Rayleigh fading chan-
nel where the phase cannot be used to convey information
when the channel is unknown. However, if there is a LOS
component, i.e., |m| > 0, phase can indeed carry information,
and by Proposition 1, the uniform distribution maximizes the
transmission rate.

With this characterization, the optimization problem (4) has
been reduced to optimal selection of the distribution function
of the input amplitude Fj(-) under the constraints E{|z|*} <
P, and E{|z|*} < kP2, For the sake of simplification in the
notation, we introduce new random variables R = (1/Ny)|y|?
and 7 = (v/+v/No)|z|. Assuming a uniform input phase that is
independent of the input magnitude, the mutual information in
nats, after a straightforward transformation, can be expressed as

def

I(F,) = I(z;y)

- / Sr(R: )l fr(R; Fy) dR

/ln 1+r
0

where fr(R;F,) = [, g(R,r)dF,(r) is the density func-
tion of R with the kernel given by g(R,7) = (1/(1 +r?))
exp(—(R+Kr?)/(14+72)) Io((2V/Krv/R) /(1+72)). Further-
more, F). is the distribution function of r and K = (|m|?/?)
is the Rician factor. Now, the capacity formula can be re-
casted as

Fo(r) =1 (6)

C(a,k,K)=sup I(F,) (7

Fr
E{r2}<a
E{rt}<raZ?

depending on three parameters, namely: o = v2(P,,/No),
the normalized SNR; k; and K, the Rician factor. In [1], the
existence of an optimal amplitude distribution achieving the
supremum in (7) is shown and the following sufficient and
necessary condition for an amplitude distribution to be optimal
is derived employing the techniques used in [8].

Proposition 2 (Kuhn-Tucker Condition): For the Rician
channel (1) with input constraints (2) and (3), Fj is a capacity-
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achieving amplitude distribution if and only if there exist Aq,
A2 > 0 such that the following is satisfied

gR ) In fr(R, Fo) dR 4+ In(1 +72) + A\ (r? — a)

+ Xt —ka®)+C+1>0  Vr>0 (8)

with equality if r € Ey where Ej is the set of points of increase?

of F{ 0-

Note that in the above formulation, A\; and Ay are the
Lagrange multipliers for the second and fourth moment con-
straints, respectively. Using Proposition 2, the following result
on the optimal amplitude distribution is derived.

Theorem 1: For the Rician fading channel (1) with input
amplitude constraints (2) and (3), if the fourth moment con-
straint (3) is active, then the capacity-achieving input amplitude
distribution is discrete with a finite number of mass points.

Proof: The result is shown by contradiction. The proof
can be summarized as follows:

1) First the assumption that the optimal distribution has
an infinite number of points of increase on a bounded
interval is contradicted.

2) Next, the assumption that the optimal distribution has an
infinite number of points of increase (mass points) but
only finitely many of them on any bounded interval is
contradicted.

3) Ruling out the above assumptions leaves us with the only
possibility that the optimal input has a finite number of
mass points.

Assume Fj is an optimal amplitude distribution. To prove
the theorem, a lower bound on the left hand side (LHS) of the
Kuhn-Tucker condition (8) is first obtained. To that end, fg is
first bounded as

fr(R: Fo)= / g(R, ) dF(r)
0
T R+ Kr?
> / e (—M) dF(r) ©)
0
7 1 r2
> exp(—R)/ T3 2 P e dFo(r)
0
(10)
= Dp, exp(—R) VR >0 an

where 0 < Dp, <1 is a constant depending on Fy. The first
inequality is obtained from the fact that [p(x) > 1 Va > 0 and
the second inequality comes from observing that e~/ 1+r2) >
e VR, r > 0. Using the lower bound (11), and noting that

3The set of points of increase of a distribution function F'is {r :
F(r 4+ ¢)Ve > 0}.

Fir—e<
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g(R,r) is a noncentral chi-square density function in R, the
following bound on the LHS of the Kuhn-Tucker condition (8)
is derived

LHS > InDg, — 1 — (1 + K)r? + In(1 +7?)

+ A (2 —a)+ Xt —ka?)+1+C  Vr>0.
If the fourth moment constraint is active, i.e., Ay > 0, then
for all Dp, > 0 and A\; > 0, the above lower bound diverges
to infinity as r — oo. Now, we establish contradiction in the
following assumptions.

1) Assume that the optimal distribution F;, has an infinite
number of points of increase on a bounded interval. Note
that this assumption is satisfied by continuous distribu-
tions. The LHS of the Kuhn-Tucker condition (8) is first
extended to the complex domain

O(z) = /g(R, 2)In fr(R, Fy) dR + In(1 + 2?)
0

+ M2 =)+ Xzt kD) +C+1 (12)

where z € C. By the Differentiation Lemma [33, Ch. 12],

it is easy to see that ® is analytic in the region where

Re{1+ 22} > 0 [1, Appendix C]. This choice of re-

gion guarantees the uniform convergence of the inte-

gral expression in (12). Note that in this region, by the

earlier assumption, ®(z) = 0 for an infinite number of

points having a limit point.* By the Identity Theorem,’

®(z) = 0 in the region where Re{l + 22} > 0. Hence,

the Kuhn—Tucker condition (8) is satisfied with equality

for all » > 0. Clearly, this case is not possible from the

above lower bound, which diverges to infinity as r — oo.

2) Next, assume that the optimal distribution has an infinite

number of mass points but only finitely many of them on

any bounded interval. Then the LHS of the Kuhn—Tucker

condition should be equal to zero infinitely often as r —

0o, which is again not possible by the above diverging
lower bound.

Hence, the optimal distribution must be discrete with a finite

number of mass points and the theorem follows. ]

The significance of Theorem 1 comes from the fact that

for the Rician fading channel, any fourth moment constraint

with a finite < will eventually be active for sufficiently small

SNR because, as observed in [3, Sec. V.E], if there is no such

constraint, the required value of x grows without bound as

SNR — 0. Therefore, Theorem 1 establishes the discrete nature

of the optimal input in the low-power regime. Furthermore,

Theorem 1 easily specializes to the Rayleigh and the unfaded

Gaussian channels. For the unfaded Gaussian channel, if the

fourth moment constraint is inactive, it is well known that a

4The Bolzano-Weierstrass Theorem [31] states that every bounded infinite
set of real numbers has a limit point.

5The Identity Theorem for analytic functions [32] states that if two functions
are analytic in a region R, and if they coincide in a neighborhood, however
small, of a point zg of R, or only along a path segment, however small,
terminating in 2o, or also only for an infinite number of distinct points with
the limit point 2o, then the two functions are equal everywhere in R.
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Rayleigh-distributed amplitude is optimal and it has a kurtosis
K = 2. Therefore, the fourth moment constraint being active
(i.e., 1 < kK < 2) is also a necessary condition for the discrete
nature in that case. In [8], the optimal amplitude for the average-
power-limited noncoherent Rayleigh fading channel is shown
to be discrete with a finite number of levels over the entire
SNR range. Theorem 1 proves that this discrete character
does not change when an additional fourth moment constraint
is derived.

We note that the key property which leads to the proof of
Theorem 1 is that we have a moment constraint higher than
the second moment. Hence, the result of Theorem 1 holds in a
more general setting where the fourth moment constraint (3) is
replaced by a constraint in the following form: F{|z|?T%} < M
for some § > 0 and M < oo. In a related work, Palanki [23]
has independently shown the discrete character of the optimal
input for a general type of fading channels when only mo-
ment constraints strictly higher than the second moment are
imposed.

B. Peak-Power-Limited Input

In this section, it is assumed that the input amplitude is

subject to only a peak-power limitation
a.s.

lz;|> < P Vi. (13)
Although being more stringent than the fourth moment lim-
itation, peak-power constraint is more relevant in practical
systems. For instance, efficient use of battery power in portable
radio units and linear operation of RF amplifiers employed
at the transmitter require peak-power-limited communication
schemes.

Since the peak constraint (13) is invariant to the rota-
tion of the input, optimality of uniform phase follows from
Proposition 1. Hence, our primary focus is on obtaining a char-
acterization for the optimal amplitude distribution. Existence
of a capacity-achieving amplitude distribution readily follows
from the results on the second and fourth moment limited case.
Similarly, R = (1/No)|y|? and 7 = (v/+/No)|z| are defined.
Specializing (8), the following sufficient and necessary con-
dition for an amplitude distribution Fj to be optimal over the
peak-power-limited Rician channel is easily obtained

/g(R, P)In fr(R, Fy) dR +In(1 +12) + C 41> 0
0

Vr € [0,/

with equality if » € Ey where Ej is the set of points of increase
of Fy. Note that o = v2(P/Ny). Next, the main result on the
optimal amplitude distribution is stated.

Theorem 2: For the Rician fading channel (1) where the
input is subject to only a peak-power constraint |z|?> < P,
the capacity-achieving amplitude distribution is discrete with
a finite number of mass points.

Proof: Since the input is subject to a peak constraint, the
result in this case is established by contradicting the assumption

(14)
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that the optimal input distribution has an infinite number of
points of increase on a bounded interval.

Assume Fj is an optimal distribution. To prove the theorem,
an upper bound on the LHS of (14) is first obtained. To achieve
this goal, fr(-, Fp) is bounded as

fR(R;Fo)

1
o
—
+ | =
<
[V}
D
]
ol
/T\
e
+ |+
S | X
ol 3
[V
~

AN
]
]
T
/T\
+
<
=)
SN—

K2
14172

5 €Xp <

= Dp, exp <—1+ + v KR)

T > dFy(r)  (15)

X
O\E

(16)

where 0 < Dp, <1 is a constant depending on Fj. The up-
per bound in (15) is easily verified by observing exp(—(R/
(1+7%) <exp(—(R/(1+a))) Vr<ya and Io((2VKr
VR)/(1 +7%)) < Iy(VKR) < exp(VKR) ¥r > 0. Using (16),

the following upper bound is derived

/gRr In fr(R; Fy) dR
0

1 o0 o0
< lnDFU—m/g(R,r)RdR+\/R/g(R,r)\/EdR
0 0
(17)
2
SlnDFO—M—F\/R 1+ (14 K)r2
14+«
vr > 0. (18)

The upper bound in (18) follows from the fact that g(R, r) is
a noncentral chi-square probability density function in R, and

Jo 9(R.r)R AR =1+ (1+K)r? and [;° g(R,7)VR dR <
/14 (1 4+ K)r2, which follows from the concavity of /= and

the Jensen’s inequality. From (18), the following upper bound
on the LHS of (14) is obtained

1+ (K+1)
l+a

+In(1+7r%)+C+1

LHS < InDp, —

+\f\/1+ 1+ K)r
vr>0. (19)

Using the above upper bound, we show that the following
assumption cannot hold true.
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Assume that the optimal input distribution F{y has an infinite
number of points of increase on a bounded interval. Next, the
LHS of (14) is extended to the complex domain

/gR 2)In fr(R, Fo)dR+In(1+2%)+ C +1
0
(20)

where z € C. Since the condition in (14) should be satisfied
with equality at the points of increase of the optimal input
distribution, by the above assumption, ®(z) = 0 for an infinite
number of points having a limit point. Then, by the Identity
Theorem [32], ®(z) = 0 in the whole region where it is ana-
Iytic. By the Differentiation Lemma [33, Ch. 12], one can easily
verify that ®(z) is analytic in the region where Re(1 + 22) > 0,
which includes the positive real line. Therefore, it is concluded
that ®(r) = 0 Vr > 0. Clearly, this is not possible from the
upper bound in (19), which diverges to —oco as r — oo for any
finite o, K > 0, and Dp, > 0.

Reaching a contradiction, it is concluded that the optimal
distribution must be discrete with a finite number of mass
points. ]

We note that Theorem 2 establishes the discrete structure
of the optimal input distribution over the entire SNR range.
The proof basically uses the observation that a bounded input
induces an output probability density function that decays at
least exponentially and, in turn, provides a diverging bound on
the Kuhn-Tucker condition. We also note recent independent
work by Huang and Meyn [14], where the discrete nature
of the optimal input is proven by again showing a diverging
bound on the Kuhn-Tucker condition for a general class of
channels in which the input is subject only to peak amplitude
constraints.

IV. RICIAN FADING CHANNEL WITH PHASE NOISE

In this section, we deviate from the classical Rician chan-
nel model (1) where the specular component is assumed
to be static and consider the following model

yi = (a; + me? %)y +n, 21
where phase noise is introduced in the specular component.
Here, {0;} is assumed to be a sequence of i.i.d. uniform random
variables on [—, 7) and m is a deterministic complex constant.
Again, the noncoherent scenario where {a;} and {6;} are
known by neither the receiver nor the transmitter is considered.
This model is relevant in mobile systems where rapid random
changes in the phase of the specular component are not tracked.
Moreover, such a model is suitable in cases where there is
imperfect receiver side information about the fading magni-
tude. As another departure from the previous section, here,
only an average power constraint E{|z|?} < P,, is imposed.
The discrete nature of the optimal input amplitude follows
immediately from the techniques of Section III when there is
an additional higher moment constraint.
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It is immediately realized that the channel output y is condi-
tionally Gaussian given = and 6

ly — mej9;10|2
PR+ N )
(22)

1
oo, 0) = ——
fJ\.,,O(y|x ) p (’)/2|.13‘2 + NO) exp (

Integrating (22) over uniform 6, we obtain the conditional
distribution of the channel output given the input

o) = =g (L
v 7 (2] + No) [l + No
2)mlylla
| 55— @3
<o (Fhri) @

Again the following random variables are introduced: R =
(1/No)|y|? and 7 = (v/+/No)|z|. Since the phase information
is completely destroyed in the channel (21) and the above
transformations are one to one, we have I(x;y) = I(|z|; |y|) =
I(r; R). Furthermore, the conditional distribution of R
given r is easily obtained from (23)

1 R+ Kr? 2vVKrvR
sexp | — 5 Iy 5
1+r 1+r 147

fR‘T'(R‘T) =
(24

where K = (|m|?/~4?) is the Rician factor. Similarly, as in
the previous section, the existence of an optimal amplitude
distribution is shown, and the following sufficient and necessary
condition is given in [1].

Proposition 3 (Kuhn—Tucker Condition): For the Rician
channel model (21) with an average power constraint
E{|z|?} < P,,, Fy is a capacity-achieving amplitude distrib-
ution if and only if there exists A > 0 such that the following
is satisfied

=D (frpellfr) + A =) +C >0  Vr>0 (25

with equality if » € Ey where Ej is the set of points of increase
of Fy. In the above formulation, D(:||-) is the divergence
(e.g. [30, Sec. 2.31), fr(R; Fy) = [;° frr(RIT) dFy(r) is the
density function of R, o = v2SNR, and C is the capacity.

The next theorem gives the main result on the structure of the
optimal input for the Rician fading channel with phase noise.

Theorem 3: For the Rician fading channel with uniform
phase noise (21) and average power constraint E{|x|?} < P,
the capacity-achieving input amplitude distribution is discrete
with a finite number of mass points.

Proof: The result is shown by contradiction. Let Fj be an

optimal amplitude distribution. The proof can be summarized
as follows:

1) First, it is assumed that F; has an infinite number of
points of increase on a bounded interval. The impos-
sibility of this case is shown by contravening the fact
that under this assumption, the LHS of the Kuhn-Tucker
condition, which is extended to the complex domain, is
identically zero over its region of analyticity.

2) Then, it is assumed that the optimal distribution is dis-
crete with an infinite number of mass points but only
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finitely many of them on any bounded interval. This
assumption is also ruled out by finding a diverging lower
bound on the LHS of the Kuhn-Tucker condition.

3) Having eliminated the above assumptions, what remains
is the only possibility that the optimal distribution is
discrete with a finite number of mass points.

Assumption 1: Assume that Fjy has an infinite number of
points of increase on a bounded interval. Then, the Kuhn—
Tucker condition (25) is satisfied with equality at an infinite
number of points having a limit point. First, we extend the LHS
of (25) to the complex domain: ¥(z) = —D(frjy=:||fr) +
A(z%2 — a) + C, where z € C. Equivalently, using the fact
that fg|, is a noncentral chi-square density function in R

W(z) = / Frn(R|2) In fr(R)dR
0

- / frp(Rlz)n (Io (M>> dR

1+ 22

2K 22

+A@27ay+mﬂ+z%+1 S +C+L

(26)

By the Differentiation Lemma [33, Ch. 12], it is easy to
see that W is analytic in the region where Re{l + 22} > 0
and Re{z} > 0. The first condition guarantees the uniform
convergence of the integrals in (26) by forcing the integrands
to decrease exponentially. Since I has zeros on the imaginary
axis and the second integral in (26) involves the logarithm of
the Bessel function, with the second condition, Re{z} > 0,
the imaginary axis is excluded from the region of analytic-
ity. Since ¥(z) = 0 for an infinite number of points having
a limit point, by the Identity Theorem [32], ¥(z) =0 in
the whole region where it is analytic. In particular, ¥ (jb +
(1/n)) = 0 is obtained for all [b| < 1 and n € Z™*, and hence,
lim,, 0 ¥(jb+ (1/n)) = 0 V|b| < 1. All the terms other than
the second term in (26) are analytic also on the imaginary axis
with |z| < 1 and the limiting expression is obtained by letting
(1/n) — 0 in the arguments of these functions. For the second
term in (26), the Dominated Convergence Theorem [31] needs
to be invoked to justify the interchange of limit and integral. An
integrable upper bound on the magnitude of the integrand of the
second integral is shown in [1, Appendix D]. Therefore,

1
lim ¥ (jb + >
n—o00 n

- / frr(RIjb) In fr(R) dR
0

i 1
/IMgmr<RPb+>
n—o0 n
0
2VK (jb+ L) VR
xIn [ Io JWJ+057 dR
1+ (jb+ 1)
+A(=b? — @) + In(1 — b?) — fﬁbe
=0 V)b < 1.

+C+1
27)
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Note that all the terms other than the second term in (27)
are real. Next, we show that the second term in (27) has a
nonzero imaginary component yielding a contradiction. First,
the limit in the integrand is evaluated in (28) (see equation at
the bottom of the page), which is obtained easily by observing
that all the terms are analytic in the entire complex plane
(excluding z = =£7) except the logarithm function, which is not
analytic at the zeros of the Bessel function. However, as we
approach the zeros of the Bessel function, IyIn Iy — 0, and
hence, we obtain (28). Noting that Jy(z) = Iy(jz) where Jy
is the zeroth-order Bessel function of the first kind, and that
the set of zeros of the Iy function along the imaginary axis
has a measure of zero, the second integral in (27) can now be
expressed as

7 1 R—Ki?\  (2/KWR
TP\ "7 ) T
0

x In (JO <M>> dR. (29)

1—02

By applying a change of variables v = (2v/Kbyv/R)/(1 — b?)
and expressing Inz =1In|z| + jarg(z), the above integral
becomes

/°°1—b2 1B, K
o2 PP\ Tk Y T 1 g2

(30)

In the above formulation, h(v) = 0ifv € (0, 1) and h(v) = k
if v € (o, ag+1) where {ay} are the zeros of Jy. As noted
in [13], the second term in (30) arises due to the fact that the
logarithm jumps in value by j7 when a zero is passed. This fact
can be observed by considering the argument of Jy(b — je) as
€ — 0 where b — je is in a small neighborhood of «y, such that
Jo(b—je) = Jy(ax)(b— je — ay).

2199

Using a similar bound obtained in [13], the following in-
equality is derived

/12Kbb22v exp (_14Kbb221}2> Jo(v)h(v) dv
0
2Kb? F2(1—b?)
> (|J0(5)| - 5(11)2)) exp <_4Kb2>

4Kb? ad(1—b?)
— (1 + 77ra2(1 — bQ)) exp <4Kb2 ) 3D

where s is the second smallest zero of Jy on the positive axis
and [ is the positive zero of J; less than ais. As noted in [13],
the above lower bound is positive for small enough values of b.
In particular, for each K > 0, the above lower bound is 9.16 x
107° when b? = (1/(2K + 1)) < 1.

Assumption 2: Next, it is assumed that the optimal distrib-
ution has an infinite number of mass points but only finitely
many of them on any bounded interval. Following an approach
similar to the one used in [8], fr is first bounded as

fr(R: Fy) = / Frw (RIr) dFo(r)
0

=Y pi frp(Rlr:) (32)
i=0
> pifrpr(R|r;) (33)
1 R+ Kr?
>p— _AT R VR >
_pzl+rgexp( 1+7"¢2 > ViVR >0 (34)

where p; and r; are the probability and location, respectively,
of the ¢th mass point of F{y. The last inequality is obtained by
using the fact that Io(x) > 1V > 0. Noting that fg,.(R|r) is
a noncentral chi-square density function in R, this bound leads
to the following lower bound on the LHS of (25)

1+ Kr?
1477

(K+1)r?
1+r?

T 2KrvR
f/fR|T(R|r)ln (10 (M))dR
0
2Kr2
14172

LHS > Inp; — In (1 + 7“3)

+A(r? —a) +In(1 +7?) +

+C+1 Vivr > 0. (35)

lim [, (R ’jb+ i) In (10 (WR (70 +3) @>>

n—o0 L+ (jb+ 1)°

0,

if 1o (248E

)= 28)

_Kp2
e exp (B2 ) 1o (

2‘/@1’\@) In (IO (2‘/@\@)) , otherwise

1-b2 1-b2

Authorized licensed use limited to: University of Nebraska - Lincoln. Downloaded on September 18, 2009 at 12:59 from IEEE Xplore. Restrictions apply.



2200

Noting that Io((2vVKrvR)/(1 +72)) < exp((2VKrVR)/

(1 + r2)), the following is derived

[t iy (10 <M>> aR

14172
2\/R7“
< ——F{vV
~ 142 {VEIr}

< f*_/ff; VE{RIr}
_ 2VKry/1T+ (1 + K)r?

1472

<2V/2K + K2.

Since it has been assumed that the optimal distribution has an
infinite number of mass points with finitely many of them on
any bounded interval, it is seen that for any A > 0, a sufficiently
large r; can be chosen such that the lower bound (35) diverges
to oo as r — oco. However, by our assumption, the LHS of
(35) should be equal to zero infinitely often as » — oo, which
is a contradiction. A = 0 implies that the power constraint is
ineffective. The impossibility of this case is shown in [8].
Therefore, the theorem follows. |

Recent results [8]—-[10] have shown the discrete nature of the
optimal distribution for the two special cases of the model (21):
1) the Rayleigh fading channel; and 2) the noncoherent AWGN
channel. We have proven the discreteness of the capacity-
achieving distribution in a unifying setting where there is both
multipath fading and a specular component with random phase.
For the noncoherent AWGN channel, Katz and Shamai [9], [10]
have shown that the optimal input has an infinite number of
mass points. An interesting conclusion of Theorem 3 is that
the presence of an unknown multipath component induces an
optimal distribution with a finite number mass points. It is
also of interest to consider the classical average-power-limited
Rician fading channel (1) for which tight upper and lower
bounds on the capacity were derived in [18]. By Proposition 1,
it is known that uniform phase is optimal for this model.
Moreover, we derive the following partial result on the optimal
amplitude distribution, which proves the suboptimality of input
amplitude distributions with unbounded support such as the
Rayleigh distribution.

Theorem 4: For the Rician fading channel (1) with only
an average power limitation E{|z|?} < P,,, the optimal input
amplitude distribution has bounded support.

Proof: Assume that Fj is an optimal distribution. The
proposition will be proven by contradiction. Therefore, it is
further assumed that F{; has unbounded support. With this
assumption, for any finite M > 0

fr(B; Fo) = | g(R,7)dFy(r)

v

0\8 0\8

1 R+ Kr?
LA T2
1+ 12 eXp( 1+ 12 ) dBolr) 36
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(39)

where 0 < Dp, pr <1 VM > 0 and VFy. Using (39), the fol-
lowing lower bound on the LHS of the Kuhn—Tucker condition
is obtained®

1 1+K
1+ M2 1+ M?

HAr?—a)+1+C

LHS > In Dg, s — r? +1n(1 +r?)

Vr >0, VM > 0.

For any A > 07 and D, ps > 0, a sufficiently large M can be
chosen such that the above lower bound diverges to infinity as
r — oo. However, if the optimal input has unbounded support,
the LHS of the Kuhn—Tucker condition should be zero infinitely
often as r — oo. This constitutes a contradiction, and hence,
the theorem follows. ]

V. NUMERICAL RESULTS

In general, the number of mass points of the optimal discrete
distribution and their locations and probabilities depend on the
SNR. Analytical expressions for the capacity and the optimal
distribution as a function of SNR are unlikely to be feasible.
Therefore, we resort to numerical methods to examine this
behavior. The numerical algorithm used here is similar to the
ones employed in [6] and [8]. In particular, we start with a
sufficiently small SNR and maximize the mutual information
over the set of two-mass-point discrete distributions satisfying
the input constraints. Then, the maximizing two-mass-point
discrete distribution is tested with the Kuhn-Tucker condi-
tion. If this distribution satisfies the necessary and sufficient
Kuhn-Tucker condition, then it is optimal and the mutual
information achieved by it is the capacity. As the SNR is
increased, the required number of mass points monotonically
increases, and therefore, to obtain the optimum distribution,
the same procedure is repeated for discrete distributions with
increasing numbers of mass points.

For the Rician fading channel (K > 0) with second and
fourth moment input constraints, numerical results indicate that

6The Kuhn-Tucker condition for the average-power-limited Rician case is
essentially the same as (8) with A2 = 0.

7The impossibility of A = 0 is shown in [8].

8We note that the results in this section are obtained numerically, and hence,
there is no analytical claim of optimality.
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1.2
r

Fig. 1. Kuhn-Tucker condition for K = 1, a = 0.05 and x = 10. F(r) = 0.9u(r) + 0.1u(r — 1/4/2) and C' = 0.0531. A1 = 0.89106, A2 = 0.15135.

magnitude of the nonzero amplitude

10 : ‘

) _5 107

107° 1072

SNR

Fig. 2. Location of the second mass point versus normalized SNR = 72 (Pay /Np) in the Rician channel K = 1.

for sufficiently small SNR values, the two-mass-point discrete
amplitude distribution

Pl = (1= 1 )ulle) + 2u o] - VANSSR) G0

is optimal. Note that this distribution does not depend on the
Rician factor K. Fig. 1 plots the LHS of the Kuhn-Tucker
condition (8) as a function of r for the distribution F(r) =
0.9u(r) + 0.1u(r — 1/+/2) for the Rician fading channel
(K =1) with @ = 0.05 and x = 10. From the figure, it is seen

that the Kuhn-Tucker condition is satisfied and the optimal
distribution is in the form given by (40). Figs. 2 and 3 plot
the magnitude and the probability of the nonzero amplitude,
respectively, as a function of SNR (Ny = 1) for various values
of k. The significant impact of imposing a fourth moment
constraint is noticed immediately. When there is no such con-
straint, the nonzero amplitude migrates away from the origin
as SNR — 0 while its probability decreases sufficiently fast to
satisfy the average power constraint. This type of input is called
flash signaling in [3]. However, as we observe in Figs. 2 and 3,
if there is a fourth moment constraint with a finite », then the
behavior is quite different. The nonzero amplitude approaches

Authorized licensed use limited to: University of Nebraska - Lincoln. Downloaded on September 18, 2009 at 12:59 from IEEE Xplore. Restrictions apply.



2202

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 4, NO. 5, SEPTEMBER 2005

K=2
0.5

)
o
=
£ 0.4t i
©
e
0]
N
c
2 03t :
2 K=4
©
_,i- k=5
5 0.2
©
Q
o
S

k=10

0.1
K =50 -
0 =100 : K=o
10° 107
SNR

Fig. 3. Probability of the second mass point versus normalized SNR, = 72 ( P,y /No) in the Rician channel K = 1.
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Fig. 4. Capacity (in nats) versus normalized SNR. = 72 (Pay /No) for the Rician channel (K = 1) subject to fourth moment constraints with k = 2, 4, 5, 10,

50, 100.

the origin as SNR — 0, while its probability is kept constant.
In the Rayleigh channel (K = 0), (40) is still optimal at low
SNR up to a point after which, as SNR is further lowered, the
second moment constraint becomes inactive, and it is observed
that the nonzero mass point approaches the origin more slowly
while its probability decreases. From Fig. 4, which plots the
capacity curves as a function SNR for various values of
in the low-power regime, it is seen that all the curves have
the same first derivative at zero SNR. This may suggest that
performance in the low-power regime is similar for any finite

value of x. However, as shall be seen in [2], the picture rad-
ically changes when the spectral-efficiency/bit-energy tradeoff
is investigated.

For the peak-power-limited Rician fading channel (K > 0),
numerical results indicate that for sufficiently low SNR values,
the optimal amplitude distribution has a single mass at the peak
level \/13, and hence, all the information is carried on the uni-
form phase. For the Rayleigh channel (K = 0), an equiprobable
two-mass-point distribution where one mass is at the origin
and the other mass at the peak level is capacity achieving in
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Fig. 5. Capacity curves as a function of the normalized peak SNR = ~v2(P/Ny) for the peak-power-limited Rayleigh channel (K = 0) and Rician channels

with K =1, 2.
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Fig. 6. Magnitude of the nonzero amplitude versus normalized SNR, = 72 (Pay/Np) for the Rician channel with phase noise K = 0, 1, 2.

the low-power regime. Fig. 5 plots the capacity curves for the
peak-power-limited Rayleigh channel and Rician channels with
K =1, 2 as a function of the peak SNR. Note that the Rayleigh
channel capacity curve has a zero slope at zero SNR.

For the Rician fading channel with phase noise (21), nu-
merical results illustrate again that a two-mass-point discrete
distribution is optimal for sufficiently small SNR values.
Figs. 6 and 7 plot the magnitude and probability, respectively,
of the optimal nonzero amplitude for this channel with Rician
factors K = 0, 1, 2. Note that only an average power constraint
is imposed here. It is observed that flash-signaling-type opti-

mal input, where the nonzero amplitude migrates away from
the origin as SNR — 0 while its probability is decreasing, is
required in the low-power regime. For a fixed SNR, it is also
seen that the nonzero amplitude is closer to the origin for higher
Rician factors K. Finally, Fig. 8 provides the capacity curves
as a function of SNR for Rician factors K = 0, 1, 2.

VI. CONCLUSION

In this paper, we have analyzed the structure of the
capacity-achieving input for the noncoherent Rician fading
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Fig. 7. Probability of the nonzero amplitude versus normalized SNR = ~2(Pyy /Np) for the Rician channel with phase noise K = 0, 1, 2.
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Capacity (nats)
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Fig. 8. Capacity curves as a function of the normalized SNR, = ~2 (P, /Nop) for the Rician channel with phase noise with Rician factors K = 0, 1, 2. The
dashed segments are interpolated capacity curves. Numerical optimization methods do not provide stable results in these regions where a new mass point is

emerging with a very small probability.

channel. The peakedness of the input has been limited by
imposing a fourth moment or a peak constraint. Using a suf-
ficient and necessary condition, we have proven that when the
input is subject to second and fourth moment limitations, the
optimal input amplitude is discrete with a finite number of
levels in the low-power regime. It turns out that a particular
two-mass-point distribution that depends only on the signal-to-
noise ratio (SNR) and  is asymptotically optimal as SNR, — 0.
Discreteness of the optimal input amplitude distribution has
also been shown for the peak-power-limited Rician channel

over the entire SNR range. This time, the amplitude distribution
with a single mass at the peak level is optimal in the low-power
regime for the Rician channel with K > 0.

A Rician fading channel model where there is phase noise
in the specular component has also been analyzed. We have
shown that under an average power limitation, the optimal
amplitude is discrete with a finite number of levels. For this
model, numerical results for the capacity and the optimal
input distribution have been provided, where it was observed
that a flash-signaling-type input is required in the low-power
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regime. It has also been proven that the optimal input for the
average-power-limited classical Rician channel has bounded
support.
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