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The goal of this research is online monitoring of functional electrical properties, e.g.,
resistance, of electronic devices made using aerosol jet printing (AJP) additive manufac-
turing (AM) process. In pursuit of this goal, the objective is to recover the cross-sectional
profile of AJP-deposited electronic traces (called lines) through shape-from-shading
(SfS) analysis of their online images. The aim is to use the SfS-derived cross-sectional
profiles to predict the electrical resistance of the lines. An accurate characterization of
the cross section is essential for monitoring the device resistance and other functional
properties. For instance, as per Ohm’s law, the electrical resistance of a conductor is
inversely proportional to its cross-sectional area (CSA). The central hypothesis is that
the electrical resistance of an AJP-deposited line estimated online and in situ from its
SfS-derived cross-sectional area is within 20% of its offline measurement. To test this
hypothesis, silver nanoparticle lines were deposited using an Optomec AJ-300 printer at
varying sheath gas flow rate (ShGFR) conditions. The four-point probes method, known
as Kelvin sensing, was used to measure the resistance of the printed structures offline.
Images of the lines were acquired online using a charge-coupled device (CCD) camera
mounted coaxial to the deposition nozzle of the printer. To recover the cross-sectional
profiles from the online images, three different SfS techniques were tested: Horn’s
method, Pentland’s method, and Shah’s method. Optical profilometry was used to vali-
date the SfS cross section estimates. Shah’s method was found to have the highest fidelity
among the three SfS approaches tested. Line resistance was predicted as a function of
ShGFR based on the SfS-estimates of line cross section using Shah’s method. The online
SfS-derived line resistance was found to be within 20% of offline resistance measure-
ments done using the Kelvin sensing technique. [DOI: 10.1115/1.4036660]

Keywords: additive manufacturing (AM), aerosol jet printing (AJP), online monitoring,
digital image processing, shape-from-shading (SfS), printed electronics

1 Introduction

1.1 Objective. The goal of this research is online monitoring
of functional electrical properties, e.g., resistance and capacitance,
of printed flexible electronic devices made using AJP process
[1,2]. In pursuit of this goal, the objective of this work is to
recover the cross-sectional profile of AJP-deposited electronic
traces (lines) using SfS analysis of their online images acquired
by an in-process CCD camera integrated into an Optomec AJ-300
machine. An accurate characterization of the cross section is
essential for monitoring device resistance and other functional
properties. For instance, as per Ohm’s law, the electrical resist-
ance of a conductor is inversely proportional to its cross-sectional
area. The central hypothesis is that the electrical resistance of
an AJP-deposited line estimated online and in situ from its
SfS-derived cross-sectional area is within 20% of its offline
measurement.

This research is the first to report the application of SfS techni-
ques for in situ, online estimation of line resistance; it addresses

the following open questions and thus paves the way for certify-
as-you build quality assurance in AJP [3]:

� What is the effect of process parameters, such as sheath gas
flow rate, on line cross section?

� What approach is required for in situ, noncontact measure-
ment of line cross-sectional area, and subsequently, online
prediction of the electrical resistance?

1.2 Motivation. AJP is a droplet-based, direct write AM
technique that has emerged as the process of choice for making
flexible hybrid electronic devices, conformal antennae, organic
photovoltaic devices, among others [1,2]. Figures 1(a) and 1(b)
exemplify flexible electronic devices made using AJP at Bing-
hamton University (SUNY). Despite their far-reaching potential,
AJP-processed devices are currently relegated to prototype-
demonstrator roles due to poor repeatability and reliability of
material deposition as exemplified in Figs. 1(c)–1(g). Poor deposi-
tion consistency has a deleterious impact on the functional electri-
cal properties, e.g., resistance, of a printed device [4]. Besides, the
AJP process tends to drift over time due to changes in material
properties. Hence, an empirically established and stationary
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process window may not suffice for functional quality assurance
[5]. Consequently, online monitoring of electrical properties is
urgently needed to ensure commercial viability of AJP-processed
devices.

However, the online monitoring of functional electrical proper-
ties of AJP-printed devices is not possible without instantaneous
estimation of the cross-sectional area. Characterization of line
cross section with offline approaches, such as white light interfer-
ometry and stylus profilometry, introduces an inordinate amount
of delay. Furthermore, contact-based techniques are liable to dam-
age the soft, unsintered deposits. Consequently, in situ, noncontact
measurement techniques are required for online estimation of the
line cross-sectional area in AJP.

From a broader perceptive, this work fits seamlessly within the
context of certify-as-you-build quality assurance paradigm in AM,
which was described by Huang et al. in a recent NSF-sponsored
workshop [3]. The aim of the certify-as-you-build paradigm is to
guarantee the functional performance of AM parts by integrating
physical models, in-process sensing, and data analytics. This work
is focused on the last two aspects. Precedents are evident in
several recent publications; for instance, Rao et al. [6] proposed a
heterogeneous sensor data fusion approach to identify potential
failure modes as well as detect the onset of anomalies in a real-
time manner in fused filament fabrication (FFF) process. In addi-
tion, they introduced a spectral graph theory (SGT) approach for
classifying the dimensional integrity of AM components [7,8].
Similarly, two image-based control paradigms were introduced by
Arciniegas et al. [9] for closed-loop control of surface defects in
electrophotographic (EP3D) AM process. Specific to AJP, the

authors have recently published results combining computational
fluid dynamics (CFD) modeling and image-based monitoring of
deposit quality [5,10]. In a similar vein, Sun et al. presented statis-
tical models to predict line quality in AJP using offline micros-
copy images [11].

This work is a direct continuation of the authors’ recent
research in AJP [5,10]. The prior work defined six image-based
quantifiers of line quality. These quantifiers were primarily con-
cerned with 2D characteristics of a line including (1) line width,
(2) line density, (3) edge quality, (4) overspray, (5) line disconti-
nuity, and (6) line connectivity. However, line cross-sectional
area was not estimated in our previous work. This gap is
addressed in this research using SfS image processing [12–14]. To
reiterate, online monitoring of line resistance is not possible
without estimating line cross-sectional area. Future extensions of
this work will integrate process modeling, 2D quantifiers, and
cross-sectional area estimates for more accurate prediction of line
electrical properties given AJP process parameters [5,10].

The rest of the paper is organized as follows. In Sec. 2, the
image-based reconstruction of line topology is discussed. This
includes a review of SfS techniques, i.e., Horn’s [12,14], Pent-
land’s [15], and Shah’s [16] methods, followed by case studies
with synthetically generated basic geometries to contrast the per-
formance of each technique. Shah’s method was qualitatively
evaluated to have the best performance. In Sec. 3, the AJP process
and the experimental procedure are discussed. Subsequently, in
Sec. 4, Shah’s method is used for online recovery of the topology
of AJP-printed lines deposited on a silicon substrate by varying
one process parameter—ShGFR. This section also quantifies the
effect of the ShGFR on line cross section and hence line
resistance, and further verifies the SfS estimates of cross-sectional
area with offline measurements. The conclusions are summarized
in Sec. 5. Furthermore, the practical implementation aspects are
clarified in Appendix.

2 Image-Based Reconstruction of Line Topology

2.1 Overview of Shape-From-Shading Principles (SfS).
The aim of this section is to explain the concept of SfS analysis
[14] and elucidate its use in reconstructing the cross-sectional pro-
file of AJP-printed lines given a gray-scale image captured using a
coaxial CCD camera installed on an Optomec AJ-300 setup
(shown in Sec. 3, Fig. 10). Image intensity captured by a camera
from a surface depends on (i) illumination, characterized by direc-
tion, position, as well as spectral energy distribution; (ii) surface
reflectivity (albedo), which is a measure of the interaction of the
surface with incident light; (iii) surface geometry (which is the
unknown variable in SfS); and (iv) camera direction.

Figure 2 encapsulates the application of SfS to AJP, as
summarized therein. The SfS problem is the inverse of acquiring
an image with a camera—SfS attempts to recover the 3D
geometry of a subject given an image, illumination direction, and
surface reflectivity. The SfS problem is an intrinsically underde-
termined problem, i.e., there are more parameters than equations
[12,17,18]. Consequently, certain assumptions are needed to sim-
plify the SfS equations to a well-posed problem so that a unique

Fig. 1 (a) and (b) Examples of AJP-printed electronics fabri-
cated at Binghamton University (SUNY); (a) an antenna printed
on a flexible glass substrate; (b) silver interdigitated electrodes
(IDEs) printed on flexible polyimide. (c)–(h) AJP lines from the
authors’ experiments exemplifying various line characteristics
(Source: Ref. [5]).

Fig. 2 The SfS problem: reconstruction of the 3D topology of an AJP-deposited electronic
trace based on the intensity gradient information captured from the surface by an image [14]
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solution can be obtained. These assumptions are discussed in
Sec. 2.2.

The topology of a surface can be recovered if the normal vector
at each point on the surface is known [12]. With reference to
Fig. 3, the normal vector, n; of a surface, Zðx;yÞ, in Cartesian coor-
dinates is defined as follows [12,14]:

n ¼ ðnx; ny; nzÞ ¼ ½sin an cos bn; sin an sin bn; cos an�T (1)

where an and bn are the tilt and slant angles, respectively. We
note that an 2 ½0; 2p� and bn 2 ½0;p=2�. As shown in Fig. 3, the
tilt angle (an) is the angle between the x-axis and the projection of
the normal vector (n) on the xy plane; the slant angle (bn) is the
angle between the z-axis and the normal vector (n). The surface
gradient, rZ ¼ ðp; qÞT, representing the orientation of the surface,
is given by Eqs. (2) and (3), respectively. The surface normal
vector, n, is written in terms of the surface gradient components,
i.e., p and q, in Eq. (4) [12,14]

p ¼
@Z x;yð Þ
@x

(2)

q ¼
@Z x;yð Þ
@y

(3)

n ¼ �p;�q; 1½ �Tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2 þ q2

p (4)

The illumination direction, I, of a light source (for example, the
LED ring light in the experimental setup, shown in Fig. 10) is
defined based on the tilt and slant angles of illumination, i.e., aI

and bI, respectively, as mathematically shown by Eq. (5). It is
noted that aI 2 ½0; 2p� and bI 2 ½0; p=2�

I ¼ ½sin aI cos bI; sin aI sin bI; cos aI�T (5)

Based on the assumptions delineated in Sec. 2.2, the reflectance
or intensity (R) of a surface in the gradient space is given by Eq.
(6), where q is the surface reflectivity (albedo) [12,14]. By defini-
tion, the surface reflectance, Rðp; qÞ, and the image irradiance,
Eðx; yÞ, correspond mathematically and, hence, have the same
form

E x; yð Þ ¼ R p; qð Þ ¼ qITn ¼ qIT �p;�q; 1½ �Tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2 þ q2

p (6)

The surface reflectance equation (i.e., Eq. (6)), which is essen-
tially a nonlinear partial differential equation (PDE), constitutes
the basis for all SfS methods used in this work, namely, Horn’s

[12,14], Pentland’s [15], and Shah’s [16]. Given boundary condi-
tions, solving this equation requires estimation of illumination
direction, I, as well as surface reflectivity (albedo), q.

2.2 Assumptions. In SfS, the fundamental equations are the
image irradiance equation (Eq. (6)) and the surface recovery equa-
tion (see Eq. (22)). The key parameters are surface reflectivity
or albedo (q), illumination direction (I), surface normals (n)
expressed in terms of surface gradients (p and q), and surface pro-
file (Z). As mentioned in Sec. 2.1, the SfS problem is inherently
ill-posed. To address this challenge, the following assumptions
are made:

(1) The camera has orthographic projection (versus perspec-
tive), meaning a point in 3D space can be projected to a
new point in 2D space with the consideration of a magnifi-
cation factor. We note that in the perspective projection, a
point in 3D space is projected to a new point in 2D space as
a function of its z-coordinate.

(2) The z-axis of the camera represents the optical axis.
(3) The surface is diffuse or Lambertian; Lambertian surfaces

reflect light uniformly in all directions versus specular
surfaces where reflectively is nonzero only at the reflected
angle [12,14].

(4) The surface is not self-shadowing. Hence, image intensity
or surface reflectance at a point is a function of the angle
between illumination direction (I) and surface normal (n),
as well as surface reflectivity (q).

(5) Both illumination direction and surface reflectivity (albedo)
are assumed to be constant.

2.3 Estimation of Illumination Direction (I) and Surface
Albedo (q). The first step to any SfS approach is estimation of
illumination direction, I, and surface reflectivity (albedo), q. To
estimate these, it is assumed that the normal vectors of a 3D
surface are all uniformly distributed [12]. Referring to Eq. (1), the
distribution of the surface normals with regard to the tilt (an) and
slant (bn) angles can be expressed as follows:

f bn; anð Þ ¼ cos an

2p
(7)

Subsequently, to find illumination direction and surface albedo,
the image irradiance equation (already given by Eq. (6)) is rewrit-
ten in terms of the tilt and slant angles (i.e., Eq. (8)). Equation (8)
is obtained by substituting Eqs. (1) and (5) in Eq. (6). Then, the
first and second moments are taken, as shown by Eqs. (9) and
(10), respectively [12,14]

Eðbn; anÞ ¼ qðsin aI cos bI sin an cos bn

þ sin aI sin bI sin an sin bn þ cos aI cos anÞ (8)

l1 ¼
ð2p

0

ðp
2

0

E bn; anð Þf bn; anð Þdandbn ¼
p
4

q cos aI (9)

l2 ¼
ð2p

0

ðp
2

0

E bn; anð Þð Þ2f bn; anð Þdandbn ¼
1

6
q2 1þ 3 cos2aI

� �
(10)

Given a gray-scale image, with consideration of the assump-
tions mentioned in Sec. 2.2, estimates of surface albedo, q̂, as
well as illumination direction, Î, are then obtained using Eqs.
(11) and (12), respectively,

q̂ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6p2l2 � 48l1

2
p

p
(11)

Fig. 3 The captured topology of a surface in form of an image
depends on: (i) illumination direction (I), (ii) surface reflectivity
(q), and (iii) camera direction (V) [12,17,18]. The surface at each
point is represented by its normal vector (n). a and b are the tilt
and slant angles, respectively.
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Î¼

sin cos�1 4l1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6p2l2�48l1

2
p

 ! !
cos tan�1

�@E

@y

� �@E

@x

 ! !

sin cos�1 4l1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6p2l2�48l1

2
p

 ! !
sin tan�1

�@E

@y

� �@E

@x

 ! !

cos cos�1 4l1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6p2l2�48l1

2
p

 ! !

2
666666666664

3
777777777775

(12)

An analytical proof of the mathematical expression for the slant
angle, i.e., bI ¼ tan�1ðð �@E=@yÞ=ð �@E=@xÞÞ, is given by Zheng and
Chellappa [19]. Figure 4 summarizes the mathematical formula-
tion and provides a roadmap for numerical estimation of the sur-
face albedo (q) and illumination direction (I).

2.4 A Review of Shape-From-Shading (SfS) Methods. In
this section, frequently used SfS approaches are reviewed. There
are four broad classes of SfS approaches: (i) minimization, (ii)
propagation, (iii) local, and (iv) linear [12,20]. This categorization
is based on the method used to approximate the image irradiance
equation, i.e., Eq. (6).

(1) The minimization approach recovers the 3D topology of a
structure by iteratively minimizing an energy function over
the entire space of an image. The energy function accounts
for the error between image irradiance, Eðx; yÞ, and reflec-
tance map, Rðp; qÞ, i.e., the two sides of Eq. (6). Based on
this approach, there are several methods/algorithms avail-
able in the literature, for example, Horn et al. [13,21,22],
Chellappa and coworkers [19,23], Szeliski [24], Malik and
Maydan [25], Lee and Kuo [26], Leclerc and Bobick [27],
and Vega and Yang [28].

(2) In the propagation approach, the solution is propagated
omnidirectionally from the known points (e.g., boundaries)

to the entire domain. Rouy and Tourin [29], Oliensis and
Dupuis [30–32], and Kimmel and Bruckstein [33] are
examples of SfS algorithms proposed based on the propaga-
tion approach.

(3) The local approach recovers the local, pixel-by-pixel geom-
etry of a structure based on the local intensity gradients
between a pixel and its (immediate) neighbors. Subse-
quently, the locally recovered geometries are attached
together piece-by-piece to form the final 3D topology of
the structure. Lee and Rosenfeld [34] proposed a surface
recovery algorithm based on this approach.

(4) In the linear approach, the image irradiance equation,
which is a nonlinear PDE is linearized using the Taylor
series expansion and then solved. Pentland [15] and Ping-
Sing and Shah [16] are examples of algorithms developed
based on the linear approach.

In this section, three SfS methods are delineated, namely the
methods proposed by Horn, Pentland, and Shah. The performance
of these methods has been consistently tested in the literature by
recovery of the 3D profile of regular and complex geometries
such as human faces [12,14,20,35]. In addition, computationally
efficient algorithms have recently been advanced for these meth-
ods. In this work, all of the three methods were adopted from the
literature and then modified to handle AJP-printed electronic
structures. The local and propagation SfS approaches are not used
due to their underlying computational complexity and resulting
delay, which make them ill-suited for online monitoring purposes.
Each of the three methods, i.e., Horn, Pentland, and Shah, used in
this work are compared and contrasted in Table 1, and explained
in detail herewith.

2.4.1 Horn’s Method (Minimization). Horn’s Method (a mini-
mization method) formulates an error function [12] composed of
two constraints, and then tries to minimize it iteratively. The first
constraint, e1, is called the brightness constraint. It accounts for
the difference (D) between the reflectance of a recovered surface,

Fig. 4 A summary of the mathematical formulation as well as a pseudo-algorithm for the
estimation of illumination direction, I, and surface reflectivity (albedo), q [12]
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Rðp; qÞ, and the irradiance of the original image, Eðx; yÞ. It is
mathematically expressed in the following equation:

e1 ¼
ð ð
ðDðx; yÞÞ2dxdy (13)

where Dðx; yÞ ¼ Eðx; yÞ � Rðp; qÞ; we note that p ¼ @Zðx;yÞ=@x
and q ¼ @Zðx;yÞ=@y.

The second constraint, e2, called the smoothness constraint,
ensures that a smooth surface is recovered. The second constraint
is mathematically expressed as follows:

e2 ¼
ð ð
ðp2

x þ q2
y þ p2

y þ q2
xÞdxdy (14)

where p2
x ¼ @2Z=@x2, p2

x ¼ @2Z=@y2, p2
x ¼ @2Z=@x@y, and p2

x
¼ @2Z=@y@x.

Therefore, the error function of minimization, e, which incorpo-
rates both the constraints of brightness and smoothness is as fol-
lows [12]:

e ¼
ð ð
ðDðx; yÞÞ2 þ cðp2

x þ q2
y þ p2

y þ q2
xÞdxdy (15)

In Eq. (15), c is a positive constant which controls the relative
contribution of the two constraints in the error function.

The error function, e, is minimized using the Euler–Lagrange
equations, resulting in a system of second-order PDEs. They are
discretized and solved using numerical schemes [20]. Equations
(16) and (17) show the Euler–Lagrange equations written based
on the error function (Eq. (15)) [12]

@e
@p
� @

@x

@e
@px
� @

@y

@e
@py
¼ 0 (16)

@e
@q
� @

@x

@e
@qx
� @

@y

@e
@qy
¼ 0 (17)

If the partial derivatives of Eqs. (16) and (17) are taken for each
term with respect to the error function (e), the following set of
PDEs (i.e., Eqs. (18) and (19) called Laplace’s equations) is
obtained after simplification

r2p ¼ 1

c
R p; qð Þ � E x; yð Þ
� � @R p; qð Þ

@p
(18)

r2q ¼ 1

c
R p; qð Þ � E x; yð Þ
� � @R p; qð Þ

@q
(19)

Note thatr2p ¼ ð@2p=@x2Þ þ ð@2p=@y2Þ andr2q ¼ ð@2q=@x2Þ
þð@2q=@y2Þ. Equations (18) and (19) are discretized and solved
iteratively using numerical methods. Equations (20) and (21) show
an explicit, iterative scheme (forward difference in step, k, and cen-
tral difference in space (m; n)) to solve for the surface gradients (p
and q). Based on the Taylor series expansion of the Laplace equa-
tions (Eqs. (18) and (19)), the central difference scheme has an
accuracy of second order in the gradient space, i.e., OðDp2;Dq2Þ

pkþ1
m;n ¼ 0:25

"
pk

mþ1;n þ pk
m�1;n þ pk

m;nþ1 þ pk
m;n�1

� �

þ 1

c
E m; nð Þ � R pk

m;n; q
k
m;n

� �� �@R

@p

����
k
#

(20)

qkþ1
m;n ¼ 0:25

"
qk

mþ1;n þ qk
m�1;n þ qk

m;nþ1 þ qk
m;n�1

� �

þ 1

c
E m; nð Þ � R pk

m;n; q
k
m;n

� �� �@R

@q

����
k
#

(21)

In Eqs. (20) and (21), m and n are defined based on the 2D pixel
grid of an image. Finally, Eq. (22) [12] is used to obtain the 3D
profile of a surface, Z

Z ¼
X �i xxFp xx;xyð Þ þ xyFq xx;xyð Þ

� �
x2

x þ x2
y

 !
ei xxxþxyyð Þ (22)

where Fp and Fq represent the Fourier transform of the surface gra-
dients, i.e., p and q, respectively; xx and xy are the angular frequen-
cies in the x and y direction, respectively. One further step is
required to make the computed surface gradients (p and q) integrable
at each iteration [12]. This is done by taking the partial derivatives
of the recovered surface, i.e., Z, followed by taking the Fourier trans-
form of the resulting surface gradients, and finally updating Eq. (22).
The minimization problem is thus a boundary value problem solved
iteratively; both initial and boundary conditions need to be specified.
The boundary conditions in this study were defined by assigning
large values to the height of bright pixels typically located in the
middle of an AJP line (see Fig. 12, for example). The aforemen-
tioned mathematical formulation, as well as an outline for numerical
implementation of Horn’s method, are given in Fig. 5.

2.4.2 Pentland’s Method (Linear). In this method, the surface
normal vector, n, is defined in an inverse manner, compared to the

initial definition where n ¼ ½�p;�q; 1�T=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2 þ q2

p
); as a

Table 1 A comparison of the methods used in this study for in situ recovery of the 3D topology of AJP-printed electronic struc-
tures. (Source: Refs. [15,16], and [20].)

Method Class Solution scheme Properties

Horn Min Iterative � Slow convergence; intermediate stability
� Based on variation calculus
� Does not consider interreflection
� Sensitive to light source direction
� Over-smooth surface recovery

Pentland Linear Noniterative � Fast convergence
� Does not consider interreflection
� Susceptible to frequency doubling (i.e., inconsistency between shape and illumination condition)
� Sensitive to nonlinear changes of reflectance

Shah Linear Iterative � Fast convergence, good surface recovery when light source direction is close to viewing direction (as in this study)
� Does not consider interreflection
� Simple yet efficient
� Sensitive to noise; sensitive to self-shadow
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result, the surface reflectance, Rðp; qÞ, which is mathematically
corresponding to image irradiance, Eðx; yÞ, is expressed [12,15] as
follows:

E x; yð Þ ¼ R p; qð Þ ¼ qITn ¼ qIT p; q;�1½ �Tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2 þ q2

p
¼ q

p sin aI cos bI þ q sin aI sin bI þ cos aIð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2 þ q2

p (23)

Subsequently, with consideration of only the first-order term of
the Taylor series expansion about the point ðp0; q0Þ ¼ ð0; 0Þ
(assuming a diffuse surface), the surface reflectance equation is
linearized and reduced to the following equation:

Eðx; yÞ ¼ Rðp; qÞ � p sin aI cos bI þ q sin aI sin bI þ cos aI (24)

Taking the Fourier transform of Eq. (24) followed by rearrange-
ment results in

FZ xx;xyð Þ ¼
FE

�ixx sin aI cos bI � ixy sin aI sin bI

(25)

where FZ and FE are the Fourier transform of the surface profile,
Zðx; yÞ, and image irradiance, Eðx; yÞ; aI and bI are the tilt and
slant angles of the illumination direction vector (I), respectively;
xx and xy are the angular frequencies in the x and y direction,
respectively. Finally, the surface profile is obtained by taking
the inverse Fourier transform of FZðxx;xyÞ [12,15]. The

aforementioned mathematical formulation and an outline for
numerical implementation of Pentland’s method are shown in
Fig. 6.

2.4.3 Shah’s Method (Linear). In Shah’s method, which is an
iterative linear approach, an error function (e) is defined based on
the difference between image irradiance, Eðx; yÞ, and surface
reflectance, Rðp; qÞ, as mathematically expressed by Eq. (26).
The error function is subsequently linearized by ignoring the
second- and higher-order terms of the Taylor series expansion

about the point, Zk�1
ðx;yÞ, i.e., the surface profile recovered at iteration

k � 1. After rearrangement and simplification, the surface is

recovered iteratively assuming Z0
ðx;yÞ ¼ 0, using Eq. (27). For an

image of size (m; n), there is a system of m� n linear equations
that is solved using the Jacobi iterative method [12,16]

e ¼ Eðx; yÞ � Rðp; qÞ ¼ 0 (26)

Zk
x;yð Þ ¼ Zk�1

x;yð Þ �
e Zk�1

x;yð Þ

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ i2

xþ i2y

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þp2þq2ð Þ3

q
pþqð Þ pixþqiyþ1ð Þ� ixþ iyð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þp2þq2ð Þ2

q
2
664

3
775

(27)

In Eq. (27), ix and iy are the x and y component of the illumina-
tion direction vector, I, respectively. The surface gradients, i.e.,
p and q, are updated in each iteration using a finite difference
scheme where p ¼ Zðx;yÞ � Zðx�1;yÞ and q ¼ Zðx;yÞ � Zðx;y�1Þ.
The aforementioned mathematical formulation as well as a

Fig. 5 A summary of the mathematical formulation of Horn’s method together with a
pseudo-algorithm proposed for numerical implementation [12]
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pseudo-algorithm for numerical implementation of Shah’s method
are given in Fig. 7.

2.5 Case Study—Recovery of the Surface Profile of
Synthetic and Real Images. The aim of this section is to ascertain
which of the three SfS methods, i.e., Horn, Pentland, and Shah, is
most suitable for recovering the topology of AJP lines. For this

purpose, two 2D synthetic shaded images including a sphere and a
cylinder are produced. The latter approximates the geometry of
real AJP-printed lines. These simple geometries are used to com-
pare the performance of the aforementioned SfS methods. Addi-
tionally, a real AJP printed line is used as a crosscheck. For the
generation of the synthetic images, a surface albedo (q) of 0.5 and
illumination direction, I, of ½0:2; 0; 0:98�T were considered.

Fig. 6 A summary of the mathematical formulation of Pentland’s method together with a
pseudo-algorithm proposed for numerical implementation [12]

Fig. 7 A summary of the mathematical formulation of Shah’s method together with a
pseudo-algorithm proposed for numerical implementation [12]
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The synthetic images were created based on the equation of sur-
face for each geometry, i.e., Eq. (28) for the sphere and Eq. (29)
for the cylinder. The positive (or negative) root of Eqs. (28) and
(29) was considered for image generation because only a
hemisphere is visible when an image is captured. The sphere and
cylinder had a radius, r, of 50 pixels as well as an xy domain of
(75 pixels� 75 pixels) and (150 pixels� 150 pixels), respectively,

ZSph ¼ 7
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � ðx2 þ y2Þ

p
(28)

ZCyl ¼ 7
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � y2

p
(29)

Subsequently, to obtain the reflectance map of each surface
(based on Eq. (6)), the two components of the surface gradient,
i.e., p and q, given by Eqs. (30)–(33) for the sphere and cylinder,
were computed numerically. We note that a gray-scale image is
ultimately formed once the negative values of the surface reflec-
tance are set to zero followed by normalization

pSph ¼
@Z x;yð Þ
@x

¼ �x r2 � x2 þ y2
� �� ��1

2 (30)

qSph ¼
@Z x;yð Þ
@y

¼ �y r2 � x2 þ y2
� �� ��1

2 (31)

pCyl ¼
@Z x;yð Þ
@x

¼ 0 (32)

qCyl ¼
@Z x;yð Þ
@y

¼ �y r2 � y2
� ��1

2 (33)

Image quality significantly influences the quality of surface
reconstruction. Finally, a high-resolution image captured using an

optical microscope (Zeiss Axio Imager M1M, Oberkochen, Ger-
many) of an AJP-printed line was used. The results of surface
recovery for each of the geometries discussed in this section using
Horn’s (minimization), Pentland’s (linear), and Shah’s (linear)
methods are shown in Fig. 8. An examination of the quality of the
recovered surfaces shows that Shah’s method has the highest
degree of accuracy (see Figs. 8(d), 8(h), and 8(l). Hence, Shah’s
method is applied to our experimental results (discussed in the
forthcoming Sec. 4) to recover the topology of AJP-printed lines.

3 Experimental Studies

3.1 Background of Aerosol Jet Printing (AJP) Process. In
AJP process (Fig. 9), a high-pressure flow of a carrier gas, typi-
cally N2, is passed through a container, called bubbler which is
filled with ink solvents. As a result, the carrier gas gets saturated.
This saturated carrier gas flow (CGF) is then injected into the ink
reservoir where due to the Venturi effect, the ink is drawn upward

Fig. 8 The 3D surfaces of a synthetic sphere, a synthetic cylinder, and a real AJP-printed line recovered using
Horn’s method [12,14], Pentland’s method [15], and Shah’s method [16]. It is evident that Shah’s method has the
highest fidelity in surface reconstruction (see (d), (h), and (l)).

Fig. 9 A schematic diagram of AJP process utilizing a pneu-
matic atomizer. The setup has been instrumented with a CCD
camera to capture online images.
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via a capillary tube. Consequently, a fine spray of microdroplets is
generated. The heavier droplets fall back into the reservoir, while
the lighter ones are carried upward toward the virtual impactor.
The virtual impactor aerodynamically separates those droplets
having lower momentum (via an exhaust gas flow, EGF) and
allows the rest to flow toward the deposition head. In the deposi-
tion head, a secondary gas flow, called sheath gas flow (ShGF), is
introduced to collimate or focus the aerosol flow into a narrow
beam. The collimated aerosol flow accelerates through a converg-
ing nozzle and is deposited on a substrate.

The unique capabilities of AJP stem from the ability for high-
resolution printing (�10 lm) on nonplaner and flexible surfaces;
printing materials with a wide spectrum of viscosities (1 to 1000
cP); aerodynamic (noncontact) control of feature size [2,36–38].
A review of literature shows that AJP has a wide range of applica-
tions including conformal circuits and metallic traces deposited
on 3D surfaces [37], silver electrodes with a high degree of con-
ductivity [39], complex intermediate structures [40], organic light
emitting diodes (OLEDs) [41], and solar cell current-collecting
grids [42,43]. With the aid of direct etching of dielectric patterns,
Rodriguez et al. [44] showed that AJP would be a potential substi-
tute for conventional electronics manufacturing techniques. In an
effort toward complete additive manufacture of printed circuit
boards (PCBs), Christenson et al. [2] demonstrated AJP-based
deposition of passive components, e.g., resistors, capacitors, strain
gauges, and interdigital sensors, as well as interconnects.

3.2 Experimental Setup and Materials

3.2.1 Sensor-Instrumented Testbed. All samples in this study
are printed using an Optomec AJ-300 machine (Albuquerque,
NM). A high-resolution CCD camera (Edmund Optics, Grasshop-
per, GS3-U3-50S5C-C, Barrington, NJ) supported by a 2.5� to
10� variable magnification lens (Edmund Optics, VZM 1000i) is
used to capture online images. The online images have dimen-
sions of 2448� 2048 pixels, and each pixel has dimensions of
3.45� 3.45 lm at the set field of view. The imaging system is illu-
minated by a LED ring light having a brightness of
30,000–40,000 Lux and a color temperature of 6000 K. The main
components of our experimental testbed are shown in Fig. 10.

3.2.2 Materials. The sheath and atomization (carrier) gas
flows are dry and pure streams of N2 flowing at ambient tempera-
ture (21 �C). The ink used in all printing tasks is composed of a
mixture of two silver nanoparticle inks of PARU (Seoul, Korea)
(MicroPEPG007MOP and MicroPEPG007EG) mixed with a ratio
of 5:1 by weight, respectively. The former is composed of silver
nanoparticles (	66 wt %) and 1-methoxy-2-propanol (MOP) as
solvent having a bulk density and viscosity of 1.5–2.5 g/ml and 50
cP, respectively. The latter is composed of silver nanoparticles
(	33 wt %) and ethylene glycol (EG) as solvent, approximately

having a bulk density and viscosity of 1.2–3.3 g/ml and 39 cP,
respectively.

3.3 Design of Experiments. A randomized single-factor
experiment was conducted to investigate the influence of ShGFR
on line topology. The ShGFR was varied from 40 to 140 sccm
with 20 sccm increments. This will be expanded to other factors
in forthcoming publications. A pneumatic atomizer (PA) was used
with an atomization gas flow rate (AGFR) and exhaust gas flow
rate (EGFR) of 580 sccm and 560 sccm, respectively. The differ-
ence between these two flow rates is equivalent to a carrier gas
flow rate of 20 sccm (used with ultrasonic atomization). The print
speed (PS) was set at 5 mm/s. As exemplified in Fig. 11, conduc-
tive structures composed of silver nanoparticle lines were depos-
ited in a single pass on a silicon wafer using a 150 lm nozzle tip
at a working distance of 3 mm. The silicon substrate was heated
via the platen already set at 40 �C. Each print was replicated five
times. Table 2 summarizes the range of process parameters used
in this study. Two sets of experiments are conducted in this work.
In the first experimental set, as discussed above, an n-type silicon
wafer approximately 500 lm thick is used as a substrate. It has a
surface roughness of approximately a few tens of angstroms
coated with no thermal oxide layers. This substrate was used to
ascertain the accuracy of the SfS approach and narrow the ShGFR
range to an acceptable range. The second set of experiments is
conducted on a custom-engineered flexible Kapton (polyimide)
substrate supplied by our industrial collaborator.

Furthermore, the bubbler which delivers saturated gas flow and
prevents the ink from drying out was filled with 2-methyl-2-pro-
panol, one of the ink solvents. The ink was sonicated prior to use.

Fig. 11 (Top) The dimensions of the printed test artifact with
four-terminal (1 mm 3 1 mm) probe pads for measurement of
line resistance. (Bottom) silver nanoparticle devices printed on
flexible Kapton.

Fig. 10 Pictures of the AJP setup instrumented with image-
based and temporal sensors. Reconstruction and quantifica-
tion of line topology are based on online images captured using
the CCD camera.

Table 2 Process parameters and materials used in this study
for AJP-printing of electronic devices

Parameters Experiment 1 Experiment 2

ShGFR 40–140 sccm 60–100 sccm
AGFR 580 sccm 500 sccm
EGFR 560 sccm 450 sccm
PS 5 mm/s 4 mm/s
Nozzle size 150 lm 300 lm
Working distance 3 mm
Ink PARU (solvent ratio¼ 5:1 by weight)
Substrate n-type silicon wafer Flexible Kapton (polyimide)
Sintering Oven-sintering (2 h at 200 �C)
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A 5-min equilibration time was considered after changing each
ShGFR set point to ensure constant (steady-state) delivery of aero-
sols to the print head. Online images were captured of the center-
line of each printed structure using the high-resolution CCD
camera. Figure 12 exemplifies online images captured of the first
replicate of each factor level.

It is noted that an inordinate increase in ShGFR (ShGFR> 100
sccm) results in pressure buildup in the nozzle and, consequently,
uneven material deposition followed by nozzle clogging. This phe-
nomenon was shown using computational fluid dynamics (CFD)
simulations and empirical studies in our prior work [5,10]. In addi-
tion to the formation of overspray, the linear momentum of aerosols
increases with ShGFR resulting in more postdeposition spreading,
and as a result, less line thickness as evident in Figs. 12(d)–12(f)).

4 Results

4.1 Reconstruction of Line Topology. Representative 3D
profiles of the AJP lines recovered using Shah’s method are

shown in Fig. 13. An initial examination of the recovered profiles
shows that line thickness increases with ShGFR. The fidelity of
profile recovery is influenced by image resolution, illumination
conditions, and surface reflectivity including deposited material
and substrate reflectivity. The influence of image resolution/
quality on the accuracy of surface recovery can be observed, for
example, by comparing the surfaces shown in Fig. 13 (based on
camera images) with that shown in Fig. 8(l) (based on a micro-
scope image). The practical hurdles for implementing this
approach are further delineated in Appendix.

As observed from Fig. 12, line intensity increases with the
ShGFR. In other words, the lines having lower thickness profiles
unexpectedly appear brighter in the images (see Figs. 12(e) and
12(f), for example). This may adversely influence the thickness of
the recovered topologies as evident in Fig. 13 where the lines
printed at higher ShGFRs have correspondingly taller profiles
(compare Figs. 12(e) and 12(f) with Figs. 13(e) and 13(f)). Such
an error in surface recovery can be corrected by assigning the
complement of intensity values to the line regions. Another disad-
vantage of SfS algorithms is that they cannot discriminate
between convex and concave surfaces [12].

As demonstrated in Fig. 14, to verify the accuracy of the online
recovery, the cross-sectional profiles of the lines estimated using
Shah’s method were compared with those measured offline using
an optical profilometer (Wyko NT 1100—Veeco Instruments,
Tucson, AZ) as the ground truth. Almost the whole profile of a
line can be truly recovered when print quality is within the opti-
mal process window (see Fig. 14(a)). Less accurate profiles are
recovered when the print quality drops at the ShGFR of 120 and
140 sccm; compare Figs. 12(e) and 12(f), and Figs. 14(e) and
14(f)). There are two reasons for the difference between the
offline-observed and online-predicted profiles at the ShGFR of
120 sccm and 140 sccm:

(i) In our previous work [5,10], it was demonstrated using
CFD modeling and empirical tests that inordinately
high ShGFR values (>100 sccm) lead to aerodynamic
instability at the nozzle exit which disturbs the flow and
often causes nozzle clogs. Aerodynamically instable
deposition is the root of poor line quality. As a result, the
overall intensity gradient between the lines and substrate

Fig. 13 The 3D profiles of AJP-printed lines recovered using Shah’s method [16]
(shown only for the first replicate). The recovered profiles are normalized to be in
the range of [0 1].

Fig. 12 The influence of ShGFR on the 2D characteristics of
AJP-printed lines captured online using a high-resolution CCD
camera. (The atomization and exhaust gas flow rates are 580
sccm and 560 sccm, respectively.)
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decreases, and therefore, the line topology is recovered less
accurately.

(ii) It was observed that the sets of lines pertaining to the
ShGFR of 120 and 140 sccm are more spread out, which in
turn leads to different solvent evaporation rate from the sur-
face. This is evident on comparing Figs. 12(e) and 12(f)
with Figs. 12(a)–12(d).

4.2 In Situ Prediction of Line Resistance. The aim of this
section is to predict the resistance of a line as a function of its
cross-sectional area estimated using Shah’s method and the AJP
process conditions. Based on the results of the first set of experi-
ments described in Sec. 4.1, the ShGFR is narrowed to the range
of 60–100 sccm, treated as the second set of experiments under
the conditions summarized in Table 2.

The second experimental set was conducted on a flexible,
unheated polyimide (Kapton) substrate. The second experiment is
more in lockstep with the authors’ long-term research focus on
flexible electronics manufacturing (Binghamton University
(SUNY) is the NY State node and founding member of the Flexi-
ble Hybrid Electronics Manufacturing Innovation Institute, FHE-
MII). Furthermore, instead of a simple line, a test artifact with
four-terminal structures was printed. Real images and a schematic
of the printed structures are shown in Fig. 11. The four-point
probes method (also known as Kelvin sensing) was used for off-
line resistance measurements [45]. This combination of ink and

substrate allows industry-standard measurement of line resistance
and thus helps to establish a baseline reference for in situ SfS-
based predictions of resistance.

The atomization and exhaust gas flow rates (AGFR and EGFR)
were set at 500 and 450 sccm, respectively. Aerosol generation
and deposition were carried out utilizing a pneumatic atomizer
and a 300 lm nozzle. To be consistent with the previous
experiment, working distance was kept at 3 mm. The silver nano-
particle structures were printed in a single pass with a speed (PS)
of 4 mm/s and then oven-sintered at 200 �C for 1 h. Figure 15
exemplifies CCD images captured in situ from the printed struc-
tures before sintering.

The line profile is estimated in situ using Shah’s SfS method.
This is quantitatively shown in Fig. 16(a) where the cross-
sectional area of each line is quantified by numerical integration
of the thickness profile averaged over the entire length (of the
line). Per Ohm’s law, the resistance of a line (R, X) is inversely
proportional to its cross-sectional area (m2), and directly propor-
tional to its length (L, m), with a constant, q (resistivity, X m).
Once the cross-sectional area of a line is quantified, Ohm’s law is
used to estimate the resistance. The resistivity, q ¼ 3.18� 10�8 X
m, is considered to be twice the bulk resistivity of silver.
Figure 16(b) maps line resistance predicted online using Ohm’s
law based on the SfS-derived cross-sectional areas as a function
of ShGFR. The mean error between the actual and predicted line
resistance is less than 20%. The error can be further decreased
with the consideration of multiple-input models taking into
account not only the cross-sectional area but also 2D line quality
quantifiers from our previous work [5,10]. This will be forwarded
as part of the future work; the practical challenges of implement-
ing this work are delineated in Appendix.

5 Conclusion and Future Work

In this work, the cross-sectional profile of AJP-deposited elec-
tronic traces (lines) is estimated from online images using SfS
analysis. Three SfS approaches were tested, namely, Horn’s, Pent-
land’s, and Shah’s methods. Tests with synthetic and experimen-
tally obtained images showed that Shah’s method was most
suitable. Specific inferences are as follows:

(1) Silver nanoparticle test electronic devices in the form of
four-terminal structures were printed, and their electrical
resistance was measured offline using the Kelvin sensing
method. AJP experiments were conducted under varying
ShGFR. The cross-sectional profile at each of these condi-
tions was estimated using Shah’s method. The recovered
topologies of the printed electrical structures were further
processed, and line cross-sectional area was quantified.

(2) The cross-sectional area versus ShGFR trend was verified
using optical profilometry. Comparison of the offline-
measured and online-estimated profiles reveals that the
most accurate recovery of line cross-sectional profiles is
obtained when the ShGFR is set between 60 and 100 sccm.
This is because of aerodynamic instability in the aerosol

Fig. 15 High-resolution CCD images captured in situ before
sintering from four-terminal conductive structures

Fig. 16 Prediction of line CSA and line resistance as a function
of ShGFR. The error bars are (61 r=n) long where n equals the
number of replications (n 5 3).

Fig. 14 A representative comparison between the online and
offline profile recovery. The offline recovery (as the ground
truth) is based on an optical profilometer.
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flow at extreme ShGFR values. At low ShGFRs (<40
sccm), the aerosol flow is not sufficiently collimated, while
at high ShGFRs (>100 sccm) the pressure in the nozzle
increases leading to overspray. The line cross-sectional
area increases with ShGFR and hence the resistance
decreases. The error between the SfS-estimated line resist-
ance and offline measurement is within 20%.

In the forthcoming research, the aim is to augment the online
quantification of line cross-sectional profile with 2D line quality
aspects from the previous work, and expand the experimental con-
ditions to other factors, such as carrier gas flow rate and print
speed, Refs. [5] and [10].

Appendix: Notes on Practical Implementation

A.1 Computational Load

The computational load of the SfS algorithm depends on (i) sur-
face recovery accuracy (as a function of the number of iterations)
and (ii) image size. It is approximately in the range of 10–20 s
(implemented in the MATLAB environment). Programming in other
environments (e.g., Cþþ) or use of parallel computing may signif-
icantly reduce the run time to less than 10 s.

A.2 Sampling Frequency

Sampling frequency depends on the magnitude of a shift (drift
or error) in the process mean. To detect small process drifts,
higher sampling frequencies are needed. To capture the process
dynamics accurately, online images are acquired with a frame rate
being in the range of 5–10 frames per second (fps). The sampling
frequency may be increased to the limits of our imaging hard-
ware’s resolution to detect very small shifts. Currently, our imag-
ing system has a maximum frame rate of 15 fps. This allows for
video-graphic feedback monitoring and control of the process in
the future.

A.3 Latency of the Calculation

This is a function of

(1) The time needed to translate the stage under the high-
resolution camera (programmed to be a fraction of a sec-
ond). The stage on the Optomec AJ-300 printer used in this
study has a maximum translation speed of 100 mm/s.
Accordingly, such rapid translation would make the change
in position from printing to inspection be a few of seconds,
at most.

(2) The time needed to capture and store an image is less than
1 s (5–10 fps).

(3) The time needed to process the image and compute line
cross-sectional area (less than 20 s).

(4) For closed-loop control, the amount of time needed to find
optimal solutions for the corrective action plan and actua-
tion (part of our future work).
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