D

2N Cewdyaieds

5.41 Determine by direct integration the centroid of
e area shown. Express your answer in terms of @ and h.
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7__@_ Centroid of a triangular area. Determine the distance & from the

base of a triangle of altitude & to the centroid of its area.

(I) strip of area dA = x dy is chosen, By similar triangles x/(h — ) = b/h.

e — e g

Solution. Thex-axisistaken to coincide with the base. A differential \ S

@We save one integration here by using
the first-order element of area. Recognize
that dA must be expressed in terms of
the integration variable y; hence, x = f{y)
is required.

This same result holds with respect to either of the other two sides
of the triangle considered a new base with corresponding new altitude.
Thus, the centroid lies at the intersection of the medians, since the
distance of this point from any side is one-third the altitude of the tri-
angle with that side econsidered the base.

Applying the second of Eqs. 5/5e gives ™" o T )
k
bk~ y) bh?
[A37=fych] =Jy ydy=“§“
and ¥ = g Ans.
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X = a.

SolutionI. A vertical element of area dA = y dx is chosen as shown
in the figure. The x-coordinate of the centreid is found from the first of
Eqgs. 5/5a. Thus,

] a

[A'f=fxch] ffydx=nydx
0 (€]

Substituting ¥ = (x/k)'" and k = a/b* and integrating give

3ab 2
Baby % oy, Ans.

In solving for 7 from the second of Eqs. 5/5a, the coordinate to the
centroid of the rectangular element is y, = y/2, where y is the height
of the strip governed by the equation of the curve x = ky3. Thus, the mo-
ment principle becomes

3ab _ ¢
[A?zfych] == 0(%)ydx

Substituting y = b{x/@)'"® and integrating give

— A T e §=§b Ans.

Solution II. The horizontal element of area shown in the lower
figure may be employed in place of the vertical element. The x-coordi-
nate to the centroid of the rectangular element is seen to be x, = x +
3a — x} = (@ + x)/2 which is simply the average of the coordinates a
and x of the ends of the strip. Hence,

5 b4
[Ai“=fxch] ff @-xdy= f (“ x)(a—x}dy
o b\ 2
The value of ¥ is found from
& b
IAj/'=fyfdA] yf (a~x)dy:f ye - x) dy
4] - 0

where y. = ¥ for the horizontal strip. The evaluation of these integrals
will check the previous results for ¥ and 7.

Locate the centroid of the area under the curve x = ky® from x = 0 to
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Solution If

@Note that x, = x for the vertical element. o




Centroid of a circular arc. Locate the centroid of a circular are as i//
shown in the figure, L
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Solution. Choosing the axis of symmetry as the x-axis makes \ T T o
¥ = 0. A differential element of arc has the length dL. = r d8 expressed _
1) in polar coordinates, and the x-coordinate of the element is r cos 4. ¥ p— .

Applying the first of Egs. 5/4 and substituting I = 2ar give

i
|
!

. I 210

[LF = J' x dL] (20T = f (r cos O)r di | A
. |

2ar% = 2rfsin o : o N
F = rsin a Ans,
a

For a semicireular are 2o = #, which gives ¥ = 2r/x. By symmetry
we see immediately that this result also applies to the quarter-circular
arc when the measurement is made as shown.

@It should be perfectly evident that polar coordinates are preferable to
rectangular coordinates to express the length of a circular arc.




@ Centroid of the area of a circular sector. Locate the centroid of the

area of a circular sector with respect to its vertex.

Solution I. The x-axis is chosen as the axis of symmetry, and ¥ is
therefore automatically zero. We may cover the area by moving an
elernent in the form of a partial circular ring, as shown in the figure,
from the center to the outer periphery. The radius of the ring is ry and
its thickness is dry, so that its area is dA = 2rea dry.

The x-coordinate to the centroid of the element from Sample Problem
5/1 ig x, = ro 5in /e, where ry replaces r in the formula. Thus, the first
of Eqs. 5/5a gives

(A% = f ndd] 2 i = J (mg) @roa dry)
2JT ¢ (24
r2ox = #r¥sin «
7= g rsin o Ans.
3 «

Solution II. The area may also be covered by swinging a triangle
of differential ares about the vertex and through the total angle of
the sector. This triangle, shown in the illustration, has an area dA =
{r/2)(r d6), where higher-order terms are neglected. From Sample Problem
5/2 the centroid of the triangular element of area is two-thirds of its
altitude from its vertex, so that the x-coordinate to the centroid of the
element is x, = #r cos 6. Applying the first of Egs. 5/5a gives

(A% = f x, dA] (2a)% = f (3r cos B)(3r2 dO)

rio¥ = §r*sin o

2rsgina

Ans.
3 o ns

and as before T=

For a semicircular area 2« = #, which gives¥ = 4r/3x. By symmetry
we see immediately that this result also applies to the quarter-circular
area where the measurement is made as shown.

It should be noted that, if we had chosen a second-order element
ro dry dff, one integration with respect to ## would yield the ring with
which Solution I began. On the other hand. integration with respect to
ro initially would give the triangular element with which Selution II
began.

\,

—————

Solution I

@Nobe carefully that we must distinguish

between the variable ry and the constant

r.

| x.=Zrcosh
c =3

Ny

Solution I1

4r{3m
y

| e r—
@Be careful not te use ry as the centroidal
coordinate for the element.

j
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@ Hemispherical volume. Locate the centroid of the volume of a hem-
isphere of radius r with respect to its base.

Solution . With the axes chosen as shown in the figure, x =z =
0 by symmetry. The most convenient element is a circular slice of
thickness dy parallel to the x-z plane. Since the hemisphere intersects
the y-z plane in the circle y2 + 22 = r2, the radius of the circular slice is
z = +./r? — y% The volume of the elemental slice becomes

dV = a{r? — v?) dy
The second of Bgs. 5/6a requires

Vy = fyc av] ?fo a(r® = y* dy = J; yalr? — ¥%) dy

where y. = y. Integrating gives

ey = it ¥ =§r Ans,

Solution Il. Alternatively we may use for our differential element
a cylindrical shell of length y, radius z, and thickness dz, as shown in
the lower figure. By expanding the radius of the shell from zero to r, we
cover the entire volume. By symmetry the centroid of the elemental shell
lies at its center, so that y, = ¥/2. The volume of the element is dV =
(2nz dz)(y). Expressing v in terms of z from the equation of the circle
gives y = +/r? — 7% Using the value of $2r* computed in Solution I
for the volume of the hemisphere and substituting in the second of Egs.
5/6a give us

r s
[V¥ = jyc dv] (Fard)y = J yrr— = 7 id (Brz/r? — 2%) dz
b

rd

:r 3, _ 3 -
J;:'I(rz 2% dz )

¥ =3 Ans.

Solutions I and II are of comparable use since each involves an
element of simple shape and requires integration with respect to one
variable only.

Solution IIl. As an alternative, we could use the angle & as our
variable with limits of 0 and /2. The radius of either element would
become » sin #, whereas the thickness of the slice in Solution I would be
dy = (r df®) sin ¢ and that of the shell in Sclution I would be dz =
(r @8} cos 6. The length of the shell would be y = r cos 6.
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Solutien 1T

@Canyouidentifythe higher-orderelement ---—---
of volume which is omitted from the
expression for dV7



@ 5.1 through 5.8 Locate the centroid of the plane area shown.
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5.32  The homogeneous wire ABC is bent into a semicircular arc and a
straight section as shown and is attached to a hinge at A. Determine the value -+~

~ of 6 for which the wire is in equilibrium for the indicated position.
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5.107 Determine the y coordinate of the centroid of the body shown.
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5117 Locate the center of gravity of the sheet-metal form
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% i l;znom/f‘z PROBLEM 5.70
¥ i .

A

Determine the reactions at the beam supports for the given loading.

SOLUTION
mzr ol Br e
R, = (200 Ib/ft)(4 ft) =800 Ib : e
1 4 8
Ry ==(150 1b/t)(3 ft) = 225 b I g
3 ‘ot o I/f@/
[ %# i, “zr
L od Gl G 1 >
+ZF, =0: A-8001b+2251b=0
A=5751b] <

£)IM, =0: M, - (800 Ib)(2 ft) + (225 Ib)(5 ft) = 0

M, =4751b-ft +) 4
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PROBLEM 5.71

e reactions at the beam supports for the given

6 kN/m

Determine thi
loading.

SOLUTION
1
R, = 5(4 KN/m)(6 m)

=12kN
Ry = (2 KN/m)(10m)
=20kN

A3 =0: A-12KN-20kN=0

DEM, =0 M, -2k m) - (20 KN)(5 m) =0

M, =1240KkN-m ) <
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