Moments of Inertia (cross sections) Problem Solutions

By integration

Example 1:

Sample Problem A/l

Determine the moments of inertia of the rectangular area about the
centroidal zy- and y,-axes, the centroidal polar axis 2, through C, the x-
axig, and the polar sxis 2 through O.

Solution. TFor the calculation of the mement of inertia 7, about the
xo-axis, a harizontal strip of 4rea b dy is chosen =o that all elements of
the strip have the same y-coordinate. Thus,

2 e
[y = | ¥ dA) I,= ¥ dy = bk Ans,
|
By interchanging symbals the moment of inertia about the centraidal yy-
axis is

1, = foht! Ans,
The centroidal polar moment of inertia is
=1 +1) 1, = b + k) = HALBE + A% Ans.

By the parallei-axis theorem the moment of inertia about the x-axis 15

[ 2
I, =1, + Ad* 1, = fabh?® + bh [-’2:] = [bh? « JAR® Ans.

We alug obtain the poler moment of inertia about O by the paraliel-axis
theorem, which gives us

2 b 2 h 2
=L +Ad0  I=HAG+h5+A [(5) ¢ (5) ]
1, = LA6? + 1Y) Ans,

Example 2:

Sample Problem A/2

Determine the moments of inertia of the triangular area sbout its base
and about parallel axes through its centroid and vertex.

Solution. A strip of area parallel to the base is selected as shown
in the figure, and it has the ares dA = x dy = [{h — yib/kl| dy. By
definition

0

L 3
r_X ] L Ans.

3 4”12
By the paralicl-axis theorem the moment of inertia I shout an axis
through the centroid, & distance h/3 above the r-axis, is

r ] — E
i1, = [y dAl 1,=[f"——ybd.v=b[
. W

- bRY [(BR\[R\" _ A
d-r-am  T-5-(3)) - % A
A transfer from the centroidal axis to the x'-axis through the vertex gives

2 g bht _ (bh" "2’1.}2 "

- ) - e e | — — - —
U=T+Ad) L= (z)(a : Ans.
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(DIf we had started with the second-order
element dA = dx dy, integration with
respect to x holding y constant amounts
simply to multiplication by b and gives
us the expression y*b dy, which we chose
at the outset.

ks

P

L.

——a]

@Here again we choose the simplest pos-

sible element. 1f we had chosen dA =
dx dy, we would have to integrate y* ¢+ d¥
with respect tox first. This gives usy’x @,
which is the expreasion we chose at the
outset,

@Bxpmssing x in terms of y should caust

naditficulty if we observe the propartio
relationship between the similar tria®
gles.



Example 3:

{a) Determine the moment of inertia of the shaded area shown with respect
to each of the coordinate axes. (Properties of this area were considered in
Sample Prob. 5.4.} (b) Using the results of part a, determine the radius of
gyration of the shaded area “with respect to each of the coordinate axes,

0

Solution: |
I

Referring to Sample Prob. 5.4, we obtain the following expressions for the
equation of the curve and the total area:

y=a—2.\" A = }ab

Moment of Inertia L. A vertical differential element of area is cho-
sen to be dA. Since all portions of this element are not at the same distance
from the x axis, we must treat the element as a thin rectangle. The moment

Y of inertia of the element with respect to the r axis is then

b 14
3 = —| — B e —
dI, = 4y’ dx ( \)cb: 3ax(lx
ab?

1 5 L b A7)
I, =J’dI,=L -,;—6.\’ Sdy = [?77]0
g

o 2]

Moment of Inertia f,. The same vertical differential element of area
is used. Since all portions of the element are at the same distance from the y
axis, we write

dl, = x*dA =%y dx) =x (-—x)da =ix‘dx

I"Idl,,-—f —zxtdy = [b :]0

a'h

9 = '5 ‘
Radii of Gyration k, and k,. We have, by definition,
: g B
kf—-!—‘—-ﬂ sy ke=Vibh 4
A abi3 7
and
3
k::%:ab/s':ggg A _\f,(f -
s



Example 4:

Caleulate the moment of inertia of the ghaded area
about the y-axis.

Solution:
i y=x,73 Lz rdy <L (3y)"
4" 7 % ) - V;y’/‘aj,
S ;fL L=V3 [y¥q <3 2(s%.,
o i Y ' * 28(52-)
e —k—x =21.5 int




Composite bodies

Example 1:

Determine the moments of inertia of the Z-section

e (L1 mm—-—’
‘

about its centroidal x,- and yo-axes, m;;.mi‘_
xn
| |
-t xq
140 mm |
Solution: —| ' l—2mm
I B -
L—ll!!mm !
@z :é(:a)(ao)’i-/:o)(zo)(?a)a: 789 (10%) mm?
oo :o .Z;, = ;-'z-(aa}fw) ’-;-/zo)(to)( so) = 4, 85010°) mm?
o
4
sl ¢ 1Y B Z, = Lr2oNts0) = 6.83(10%) mm
[ F () -
Dimensions | | I = L (160X 20)° = 0, 1067(10%) mm?
m mm -t -t Yo 12
' -
ol Tt I,=[2(7.89)+6.23](1")
@ = 22.6(/06) mm‘
@ IZO
Zo go

_g;" - [2(2.85)+ 0.1067](10°)

q
9.8/(10%) mm

Alternatively for I :

o XO

1 /3 1
Ly =hxy=lxy = 15 bR — b = 100 + 160° mm* — 80 « 120% mm*] = 22,613,333 mm*



Example 2:

|
e

!
The cross section of a bearing block is shown i '4“\
n in the ‘ 2
ﬁgure by the shaded area. Caleulate the moment of —@ \ j/ |
inertia of the section about its hase g-a. I, \t/—)_ ;'

. = ]
Solution: i o

40 (D - r e
Q- —
Part I © Ta-a= ¥ (12)4° = 256 in*

Fart2z: T _ = I, +A(4+ sy

31

4_2 4.+2

where Iy, = I4-AF?= T w4t S 3,7)
= 28" inn4.

4> ;
So Tqq = 28] +2—(325) = 844 in.*

Part 3¢ Tq.q = Ix+t A= =zn2" 4 21(4)1
= 24 in %

Combined: Tq.q = 256+ 844-214= 886 in?




Example 3:

Caleulate the moments of inertia of the shaded areq

about the x- and y-axes, I

Solution: |
¥
Y
7 s I 4y’
P siped
: KT
100 |
oo| O | | Q .
! |-<—+| (Dim, n mm)
|
T= 4r _ A4(50) _
¢ I —%L = 21.2mn
X = 15212 = 53.8 mm
Part T: Ty =1z (150)(00)3 = 100 (16°) mm™
Ty = 12 (200) (159> = Se. z(m) "

for bo‘th
Parts TL: Ty= v 7\'(50) = 44| (IOQ) mm (-hje‘hwr

Iszjo* AR S = 1y -AF :nx =1, +A(R-7"
=4 (-'3;'!1 504) + ’"(SO) (53.8%-2.2 )
- I2.04(|0‘) e 'For each, 24.|(lo")mm4'-ﬁr beth
Combined @ Ty = |00 (|0")*4.‘H(lo")=qs.l(lo‘)mm4

32.2(10%) mm*

I:) = 56.200“)—24.\(!0“) =



